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Abstract

This survey reviews a dynamic multi-asset framework in whic h het-
erogeneous agents with multi-period planning horizons int eract. This
framework distinguishes between temporary equilibrium maps describing
the basic market mechanism of an asset market, forecasting rules which
model the way in which expectations are formed, and a model for ex-
ogenous random perturbations . Perfect forecasting rules which provide
correct forecasts for �rst and second moments of future pric es are intro-
duced. Based on these perfect forecasting rules, fundamental concepts
of the traditional CAPM are extended to a setting in which bel iefs are
not homogeneous. We review a multi-fund separation theorem and intro-
duce the notion of a generational portfolio which is held by i nvestors with
homogeneous beliefs and identical planning horizons. It is shown that
social interaction among consumers may endogenously create risk leading
to non-ergodic behavior of asset prices. The stochastic dynamics of asset
prices, beliefs, portfolio holdings, and market shares are illustrated with
numerical simulations.
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1 Introduction

In recent years research in �nancial economics has increasingly focused on the
interaction between heterogeneous agents as a key force which drives the evo-
lution of �nancial markets. It is now a widely accepted view t hat agents in
�nancial markets trade not only because they di�er in their a ttitudes towards
risk or their wealth positions, but also because they disagree on how markets
will evolve in the future. This view stands in contrast to the rational expec-
tations paradigm which assumes that agents make no systematic errors when
predicting the future.

The rational expectations paradigm is one of the tenets in atleast three
strands of literature on �nancial markets. Firstly, much of the �nance liter-
ature has used the rational expectations paradigm to substitute market equi-
librium conditions with no-arbitrage conditions. In this c ontext, asset prices
are assumed to follow an exogenously given stochastic process to which agents'
expectations and their trading activities adjusts without any feedback on the
process, e.g., see Merton (1973). An excellent textbook on this approach is, for
example, Du�e (1996). Secondly, initiated by Lucas (1978), dynamic general
equilibrium models have used the rational expectations paradigm to reduce the
heterogeneities of agents to a single in�nitely lived representative agent. These
models have been extended in many ways and are applied to a wide range
of questions. Early contributions in this direction are, for example, Mehra &
Prescott (1980, 1985) and Cox, Ingersoll & Ross (1985). The capital asset pric-
ing model (CAPM), developed by Sharpe (1964), Lintner (1965), and Mossin
(1966), has been extended by by Magill & Quinzii (1996, 2000)to a stochastic
dynamic equilibrium setting. K•ubler & Schmedders (2003) explored the role of
assets with collateral. The extent to which agents who do notlearn to make
accurate predictions are driven out of the market has been analyzed by Blume
& Easley (1992, 2002), Sandroni (2000) and others. Angeletos & Calvet (2005,
2006) developed a macroeconomic extension with heterogeneous agents.

Due to the mathematical complexity of these models, however, the diversity
of agents regarding preferences and beliefs is relatively limited. Their basic
planning character seems to leave relatively little scope for market interaction
between heterogeneous agents. In fact, according to Cox, Ingersoll & Ross
(1985) an interpretation as an intertemporal market mechanism requires a set
of relatively strong economic assumptions. Moreover, as noted by Judd, K•ubler
& Schmedders (2003), such dynamic general equilibrium models seem to have
di�culties in matching trading activities that are usually observed in markets.

Thirdly, quite a number of authors have successfully integrated asset markets
into models with overlapping generations. Early contributions are, for example,
Huberman (1984) and Hu�man (1985, 1986). More recently, Eckwert (1992),
Orosel (1996, 1997, 1998), and K•ubler & Polemarchakis (2004) have investi-
gated a number of aspects of �nancial markets in an OLG setting. Agents in
these models are described as expected-utility maximizers. While trade in OLG
models occurs naturally, the assumption of rational expectations provides no
operational description of how expectations are formed on the basis of observa-
tions.

From a theoretical perspective, the rational expectationsparadigm is unsat-
isfactory. It ascribes unreasonably strong assumptions onagents' capabilities to
acquire information and to foresee the future. Agents in �nancial markets have
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di�erent expectations concerning the future evolution of asset prices, simply
because they may have distinct information on the assets they are trading. If
these agents participate on di�erent sides of the market, the evolution of asset
prices cannot be self-con�rming for all of them. Situations in which agents cor-
rectly anticipate the distribution of future asset prices should for this reason be
the special, rather than the general, case of a descriptive model. The assump-
tion of rational expectations, by contrast, o�ers no insight into the feedback of
erroneous expectations concerning the price process. Indeed, the equilibrium
concept adopted in both classes of intertemporal models is one in which the no-
tion of expectations is reduced to the assumption of mutual consistency between
expectations and realizations. As Lucas (1978, p. 1431) puts it: \... the system
is closed with the assumption of rational expectations: themarket clearing price
function p implied by consumer behavior is assumed to be the same as the price
function p on which consumer decisions are based". This precludes a description
of how expectations are formed.

The literature on �nancial markets has responded to the dissatisfaction with
the rational expectations paradigm with di�erent lines of r esearch, often carried
out simultaneously. Models with heterogeneous boundedly rational agents, gen-
erally, have three structural elements in common. Firstly, a temporary equilib-
rium map which determines asset prices in each period, given the characteristics
of investors such as preferences and subjective beliefs regarding the future evo-
lution of markets. Secondly, forecasting rules which stipulate the way in which
agents form and update these beliefs. Thirdly, a model for exogenous pertur-
bations which captures all in
uences which are not modeled explicitly such as
dividend payments, random endowments or noise-traders' activities.

The �rst two components constitute a deterministic dynamic al system in
which agents' beliefs feed back into the actual evolution ofasset prices and
portfolio holdings. Together with the third component, one obtains a determin-
istic dynamical system in a random environment. The temporary equilibrium
map is most often understood in the sense of Grandmont (1982)and determines
market-clearing prices from an aggregate excess demand function. This demand
function may be derived from expected-utility maximizing investors as, for ex-
ample, in B•ohm, Deutscher & Wenzelburger (2000) and Horst (2005) or from
mean-variance preferences as in Brock & Hommes (1997a, 1998), Chiarella &
He (2002), Wenzelburger (2004), or B•ohm & Chiarella (2005). The temporary
equilibrium map may be replaced by aneconomic law in the sense of B•ohm &
Wenzelburger (1999) to include other price mechanisms suchas the `market-
maker' scenarios considered in Chiarella & He (2003), Chiarella, Dieci & He
(2007), or Horst & Rothe (2008). Some authors take individual demand func-
tions as a primitive objects of the model, see, for example, Evstigneev, Hens &
Schenk-Hopp�e (2002, 2006, 2008).

Most behavioral models use forecasting rules either explicitly or implicitly to
model the way in which agents form and update their beliefs. This behavioral
approach is reconciled with the rational expectations paradigm in Wenzelburger
(2004) by introducing perfect forecasting ruleswhich generate rational expecta-
tions for a group of investors in the sense that the �rst two moments of the price
process are correctly anticipated, whilst the beliefs of other market participants
may be erroneous. It turns out that perfect forecasting rules for �rst and second
moments are the key to extend fundamental concepts of the traditional CAPM
to a setting with diverse beliefs.
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The concept that investors choose between di�erent portfolio strategies ac-
cording to some performance indicator has become popular since Brock &
Hommes (1997a, 1998). This choice behavior is mostly modeled by a stan-
dard discrete-choice approach as described in Anderson, dePalma & Thisse
(1992). It adds an evolutionary feature to behavioral models which generates
a random environment for the dynamics of asset prices. This random environ-
ment is created by the endogenousprocess that governs the choice behavior
of agents and exists in addition to the randomness of anexogenousstochastic
process that models the e�ects of noise trading, dividend payments, or random
endowments. As agents' choices depend on performance indicators, asset prices
feed back into the random environment. It is this feedback e�ect that distin-
guishes this approach from the models of Evstigneev, Hens & Schenk-Hopp�e
(2002, 2006, 2008), Blume & Easley (1992, 2002), and Sandroni (2000) in which
investors never change their portfolio strategies.

If the rational expectations paradigm is not immediately discarded, it is
sensible to distinguish conceptually between two levels ofrationality. Firstly,
rationality in the sense of Sargent (1993) and, secondly, rationality in the sense
of Simon (1982). In Wenzelburger (2004), a stylized fund manager is charac-
terized by a forecasting technology and carries out portfolio decisions. She is
rational in the sense of Sargent and may want to improve her ability to make ac-
curate predictions of the future. Consumers are rational inthe sense of Simon.
They base their investment choice on a performance indicator that measures
the success a fund manager's investment strategy has had in the past. For
this setup, Horst & Wenzelburger (2008) show that an asset price process is
ergodic as long as the dependence of agents' investment decisions onperfor-
mance indicators is su�ciently weak. This ergodicity disappears if interactive
complementarities between agents are too powerful. Whilstasset prices still
converge, their asymptotic behavior becomes path-dependent. This result is
consistent with many �ndings in the social interaction lite rature, e.g., Blume
(1993), Brock & Durlauf (2001), or Horst & Scheinkman (2006, 2008), which
establish uniqueness of equilibria for weak interactions and show that strong in-
teractive complementarities may generate non-ergodic dynamics. The chapter
will develop a common framework for the deterministic approach initiated by
Brock & Hommes (1997a, 1998) with its rich dynamics and the probabilistic
approach of F•ollmer & Schweizer (1993), F•ollmer, Horst & K irman (2005), and
Horst (2005) who obtain rigorous mathematical results but use assumptions
which preclude many interesting phenomena such as non-ergodic dynamics.

The chapter unfolds as follows. Section 1.1 reviews some classical results
from the static CAPM to provide the foundation for a stochast ic overlapping
generations model which is discussed in Section 1.2. An extension to a model
with overlapping cohorts of investors with multi-period lives is discussed in Sec-
tion 1.3. Section 1.4 discusses the non-ergodic behavior ofasset prices, Section
1.5 concludes.

2 The CAPM as a Two-period Equilibrium Model

The capital asset pricing model (CAPM) as developed by Sharpe (1964), Lint-
ner (1965), and Mossin (1966) is at the center of modern �nance. It is an
equilibrium theory built on the foundations of the portfoli o theory initiated by
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Markowitz (1952) and Tobin (1958). The standard CAPM is a static two-period
model which describes how investors trade in �nitely many assets in order to
transfer wealth into the future. Comprehensive treatises of the CAPM with dif-
ferent emphases are presented, e.g., in Cochrane (2005), Cuthbertson (1996), or
LeRoy & Werner (2001). In light of recent developments in dynamic models with
heterogeneous interacting agents, this section reviews some of its basic proper-
ties. Following Nielsen (1987, 1988, 1990a), Dana (1999), Hens, Laitenberger &
L•o�er (2002), B•ohm & Chiarella (2005), and references the rein, it is appropri-
ate to adopt a formulation in terms of prices rather than returns. Mean-variance
behavior of investors can be made consistent with expected utility maximiza-
tion when von-Neumann-Morgenstern utility functions are combined with the
appropriate probability distributions. As described by Ch amberlain (1983) and
Owen & Rabinovitch (1983), these include normal and elliptical distributions.
To obtain an analytically tractable model with multiple ris ky assets, this survey
will treat mean-variance behavior as an alternative rather than a special case of
expected-utility maximization.

2.1 Portfolio selection with one risk-free asset

Consider a two-period model in which an investor needs to transfer her initial
wealth from the �rst into the second period. The investment opportunities are
K risky assets and one risk-free bond. All prices and payo�s are denominated
in a non-storable consumption good which serves as the num�eraire. The K
risky assets are characterized by stochastic gross returns~q = (~q(1) ; : : : ; ~q(K ) )
per unit which take values in RK

+ . The risk-free bond pays a constant return
Rf = 1+ r f > 0 per unit. A portfolio is represented by a vector (x; y) 2 RK � R.
The vector x = ( x(1) ; : : : ; x(K ) ) represents the portfolio of risky assets withx(k )

denoting the number of shares of thek-th risky asset. The scalary describes
the number of risk-free bonds in the portfolio (x; y). The total amount of risky
assets isxm 2 RK

+ and referred to as themarket portfolio of the economy.
Assume, for simplicity, that the investor's wealth consists of e > 0 units of

the consumption good, that she does not consume in the �rst period, and that
there are no short-sale constraints. Ifp = ( p(1) ; : : : ; p(K ) ) 2 RK denotes the
price vector of risky assets, the investor's budget constraint is

e = y + hp; xi = y +
KX

k=1

p(k ) x(k ) ;

whereh�; �i denotes the scalar product onRK . Substituting for y, the investor's
second-period wealth associated with the portfoliox 2 RK of risky assets be-
comes

w(e; p;~q; x) = Rf e+ h~q � Rf p; xi :

The uncertainty of second-period wealth rests with the random gross return ~q
of risky assets, when the investor treats the asset pricep of the �rst period
as a parameter of her decision problem. This uncertainty is described by a
probability space (RK ; B; � ), where � 2 Prob(RK ) is a probability distribution
for ~q and Prob(RK ) denotes the set of all Borelian probability measures.

Rather than using the full probability distribution � , the CAPM assumes
that an investor bases her evaluation of the uncertain return solely on the mean
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and the variance of second-period wealth. Denoteexpected gross returnsby

q = E[~q] :=
Z

RK
q � (dq) 2 RK

and the (variance)-covariance matrix of future returns by

V = V[~q] :=
Z

RK
[q � q][q � q]> � (dq) 2 M K ;

whereM K denotes the set of all symmetric and positive de�niteK � K matrices.
The kl -th entry of the V is the covarianceVkl = Cov[~q(k ) ; ~q( l ) ] between the
gross returns of thek-th and the l-th risky asset. The positive de�niteness of
V ensures that there are no redundant assets in the market. Based on � , the
expected wealth and its standard deviation associated witha portfolio of risky
assetsx 2 RK becomes

� w (e; p; x) := E
�
w(e; p;�; x)

�
= Rf e + hq � Rf p; xi

and
� w (x) := Var

�
w(e; p;�; x)

� 1
2 = hx; V xi

1
2 ;

respectively.1 The investment behavior of an investor is now based on the
following assumption.

Assumption 2.1. An investor is characterized by an utility function U which
is a function of the mean and the standard deviation of futurewealth and a
probability distribution � for future gross returns. These satisfy the following:

(i) The utility function U : R� R+ ! R is continuously di�erentiable, strictly
increasing in � , strictly decreasing in � , and strictly concave.2

(ii) The probability distribution � 2 Prob(RK ) is parameterized by a pair
(q; V), where q 2 RK and V 2 M K .

With the notation introduced above, the decision problem of an investor
takes the form

max
x 2 RK

U
�
� w (e; p; x); � w (x)

�
: (1)

Assumption 2.1 implies that the objective function in (1) is strictly concave in
x. To ensure boundedness of the asset demand derived from (1),we need the
concept of alimiting slope of an indi�erence curve as adopted in Nielsen (1987).
Recall that the slope of any indi�erence curve in the � � � plane is given by

the marginal rate of substitution between risk and return �
@U
@� ( �;� )
@U
@� ( �;� )

which is a

measure of the investor's risk aversion. Consider the indi�erence curve through
the point ( Rf e;0) and denote by

� U := sup

(

�
@U
@� (�; � )
@U
@� (�; � )

: (�; � ) 2 R � R+ s.t. U(�; � ) = U(Rf e;0)

)

1To relate the notation to the one adopted in the incomplete ma rkets literature (e.g., LeRoy
& Werner 2001), note that each function q 7! w(e; p; q; x) is an element of the Hilbert space
L 2 (� ).

2To include interesting examples, it is sometimes convenien t to bound the domain of U
from below.
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the limiting slope of this indi�erence curve. From convex analysis it is well
known that � U is either positive and �nite or plus in�nity. Since U is concave,
all indi�erence curves have the same limiting slope� U , see Rockafellar (1970).

2.2 Two-fund separation

The key property of the asset demand function derived from the optimization
problem (1) is known as the two-fund separation theorem or the mutual fund
theorem. This theorem and its implications will be reviewed next. Let � :=
q � Rf p be the vector of expected excess returns and consider the following
mean-variance optimization problem

max
x 2 RK

� w (e; p; x) s.t. � w (x) � �; (2)

where � � 0. Markowitz (1952) found that for � 6= 0, the unique portfolio
maximizing (2) is given by

xe� (� ) :=
�

h�; V � 1� i
1
2

V � 1�:

The portfolio xe� (� ) is (mean-variance) e�cient as it yields the highest ex-
pected wealth given the upper bound� on the standard deviation of wealth
� w (x) of any portfolio x. Observe that the standard deviation of the wealth
associated with xe� (� ) is � . The risk expected-wealth characteristics of any
portfolio xe� (� ), � � 0 satis�es the linear relationship

� w
�
e; p; xe� (� )

�
= Rf e+ � �; (3)

where � := h�; V � 1� i
1
2 is called the market price of risk. Hence, equation (3)

is nothing but the e�cient frontier expressed in terms of wealth rather than
returns. Indeed, if r = w(e;p;q;x eff ( � ))

e � 1 denotes the return ofxe� (� ), then (3)
implies the well-known e�cient frontier

� r = r f + � � r ;

stating that the relationship between the expected rate of return � r and the
standard deviation � r of any e�cient portfolio is linear.

The e�cient frontier (3), also referred to as the capital market line, is now
used to formulate the (two-fund) separation theorem.

Theorem 2.1. Under the hypotheses of Assumption 2.1, for anye > 0 and
any 0 6= � 2 RK with h�; V � 1� i

1
2 < � U , the optimization problem (1) has a

unique maximizer x? 2 RK . The corresponding asset demand function� takes
the form

x? = �( e; �; V ) :=
'

�
e;h�; V � 1� i

1
2
�

h�; V � 1� i
1
2

V � 1�; (4)

where for each� 2 [0; � U ),

' (e; � ) := argmax
� � 0

U
�
Rf e+ � �; �

�
(5)

is bounded from above.

6



The separation theorem states that given� and V , the optimal portfolio
x? is collinear to xe� (1) and hence e�cient. Thus investors with the same
beliefs (q; V) will invest in the same two funds, the risk-free asset on theone
hand and a `mutual fund' with the same mix of risky assetsxe� (1). Since
� w (x?) = ' (e; � ), the function ' describes the investor's willingness to take
risk. Unlike the portfolio mix xe� (1), this willingness and hence the amount of
the endowment invested into risky assets depends on the investor's preferences.

�

�

Rf e+ � �

' (e; � )

Rf e

(a) Separation principle

�' (e; � )

u0(Rf e)�

v0(0) u0(Rf e+ �� )�

v0(� )

(b) Optimality with separable utility

Figure 1: Portfolio selection

The separation theorem is illustrated in Figure 1 (a) showing that in an
optimum, the marginal rate of substitution between risk and return has to be
equal to the market price of risk � . An intuitive proof of the theorem may be
found in any �nance textbook, e.g., see Copeland, Weston & Shastri (2005).
The theorem was �rst proved by Tobin (1958) and then by Lintne r (1965) and
Merton (1972). The formulation of Theorem 2.1 is, in essence, that of in B•ohm
& Chiarella (2005, Lemma 2.3). It has been applied by Rochet (1992) and others
to describe the behavior of commercial banks.3 The important assumption here
is that the investor may short-sell risky assets as well as borrow and lend at
the risk-free rate r f . Short-sale and borrowing constraints are, for example,
investigated in Lintner (1965), Black (1972) and Rochet (1992).

It has long been recognized in the literature that the investor's decision
problem of the CAPM can be reduced to the problem of �nding an optimal
allocation of two arti�cial commodities, mean return � and risk � , e.g., see Dana
(1999), LeRoy & Werner (2001), or Hens, Laitenberger & L•o�e r (2002). Using
the separation theorem, one may now apply standard microeconomic consumer
theory to the decision problem (5). For the special case of separable utility
functions of the form U(�; � ) = u(� ) � v(� ), the following result summarizes
several �ndings of the literature.

Proposition 2.1. Under the hypotheses of Theorem 2.1, assume thatU is twice
continuously di�erentiable and of the form

U(�; � ) = u(� ) � v(� ); � 2 R; � 2 R+ :

3See also Freixas & Rochet (1997, Chap. 8) and references ther ein. The fact that the
objective function in (5) has no upper bound for � � � U so that the asset demand � is
then unde�ned has been recognized by Nielsen (1987). See als o further references therein.
An elementary proof of Theorem 2.1 may be obtained from a comp arison of the �rst-order
conditions of the two maximization problems (1) and (5), see Wenzelburger (2008).
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Let Rf e > 0 be arbitrary but �xed. Then ' (e;�) is di�erentiable on (0; � U ) except

for � = v0(0)
u0(R f e) . Moreover:

(i) ' (e; � ) = 0 for all 0 � � � v0(0)
u0(R f e) .

(ii) If lim
� !1

u0(Rf e+ � )� = 1 , then for each risk � 2 R+ , there exists a market

price of risk � � 2 [0; � U ) such that ' (e; � � ) = � .

(iii) ' (e; � ) is strictly increasing for all v0(0)
u0(R f e) < � < � U , if and only if the

elasticity of u0(Rf e + � ) satis�es u00(R f e+ � ) �
u0(R f e+ � ) > � 1 for all � > 0.

(iv) ' (e; � ) is decreasing ine for each v0(0)
u0(R f e) < � < � U , if u is strictly concave.

The proof is derived from the �rst order conditions and illus trated in Figure 1
(b). Assertion (ii) gives a condition under which ' is surjective onR+ , implying
that an investor is prepared to take any risk, provided that t he market price
of risk is high enough. The condition has, in essence, been given in B•ohm
(2002, Thm. 2.2). It corresponds to Dana (1999, Prop. 3.1) who showed that
the surjectivity of ' is the crucial property for the existence of asset-market
equilibria. The elasticity condition of Assertion (iii) gu arantees that ' is strictly
increasing in � and guarantees uniqueness of asset-market equilibria and due to
Dana (1999, Prop. 3.4). For general utility functions U(�; � ), Hens, Laitenberger
& L•o�er (2002, Lemma 1) showed that ' is increasing in � , if the slope of the
indi�erence curves is non-increasing in means. Assertion (iv) states that risk is
an inferior good wheneveru is strictly concave and a result attributed to Lajeri
& Nielsen (2000).

Before addressing the issue of existence of equilibria, letus illustrate Propo-
sition 2.1 with three examples. Consider �rst the ubiquitous and famous case

U(�; � ) = � � 1
2a � 2; (6)

where a > 0 denotes risk tolerance. Then' (e; � ) = a� is a linear and hence
surjective function with limiting slope � U = 1 . Moreover, ' is independent of
e. This is the case for all quasi-linear functions of the formU(�; � ) = � � v(� )
with v0(0) = 0, so that risk is a normal good.

Secondly, risk can be decreasing in the market price of risk.This is seen
from considering

U(�; � ) =
�

1 + �
� �; � > � 1; � 2 R+ : (7)

The limiting slope is � U = 1 and the willingness to take risk is given by

' (e; � ) = max
n

1
�

� p
� � (Rf e+ 1)

�
; 0

o
; � 2 R+ :

For each e > 0, the map ' (e; � ) is unimodal with respect to � and attains its
maximum at � max = 4( Rf e + 1) 2. The maximum risk which the investor is
willing to take is � max = 1

4 (Rf e+ 1) � 1, so that ' (e;�) is not surjective on R+ .
Observe that both conditions stated under (ii) and (iii) of P roposition 2.1 are
violated in this case. In the � � � plane, the `o�er curve' for risk is backward
bending as in Figure 2 (a) below.
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Thirdly, the limiting slope � U may be �nite. Consider

U(�; � ) =
p

(� 2 + 2 � ) � �; (�; � ) 2 R2
+ : (8)

Then � U = 1 and

' (e; � ) = max
n

1
�

h
1p

1� � 2
� (Rf e+ 1)

i
; 0

o
; � 2 [0; 1):

An investor characterized by (8) is prepared to take any risk� 2 R+ as ' (e;�)
is surjective on R+ . However, in this case' and hence the corresponding asset
demand (4) is unde�ned for all � � 1.

2.3 Existence and uniqueness of equilibrium

The literature has addressed the existence and uniqueness of asset-market equi-
libria in the traditional CAPM and its extensions with great generality, e.g., see
Nielsen (1988, 1990a,b), Allingham (1991), Dana (1993, 1999), or Hens, Laiten-
berger & L•o�er (2002). For the case under consideration, we follow a basic line
of reasoning in Dana (1999, Sec. 3) which has been adapted in B•ohm (2002).

Consider an asset market withi = 1 ; : : : ; I investors who are all character-
ized by Assumption 2.1. Suppose that utility functions and endowments are
heterogeneous but that their expectations regarding future gross returns are
identical and given by (q; V). Let e( i ) denote investor i 's endowment and ' ( i )

be her willingness to take risk derived from someU ( i ) satisfying Assumption
2.1. For �xed endowments e( i ) , de�ne aggregate willingness to take riskby

� (� ) :=
IX

i =1

' ( i ) (e( i ) ; � ); � 2 [0; � ); (9)

where � := min f � ( i )
U : i = 1 ; : : : ; I g is the minimum of all limiting slopes � ( i )

U of
U ( i ) . Using Theorem 2.1, the asset-market equilibrium condition takes the form

� (h�; V � 1� i
1
2 )

h�; V � 1� i
1
2

V � 1� = xm ; (10)

where � = q� Rf p 6= 0 is the vector of excess returns. Computing the standard
deviation of the wealth associated with xm and with the portfolio on the l.h.s
of (10), � ? is a solution to (10), if � ? := h� ?; V � 1� ? i

1
2 2 (0; � ) solves

� (� ) = hxm ; V xm i
1
2 : (11)

Vice versa, if some� ? 2 (0; � ) solves (11), then � ? := � ?

hx m ;V x m i
1
2

V xm is a

solution to (10). Hence in equilibrium, aggregate willingness to take risk must be
equal to the aggregate risk of the markethxm ; V xm i

1
2 . De�ne the upper bound

bound of risk the investors are willing to accept by � max := supf � (� ) : � 2
[0; � )g. The existence of� ? now follows from the intermediate-value theorem,
observing that � (0) = 0. Summarizing, the following result is a re�nement
of B•ohm & Chiarella (2005, Lemma 2.5) that includes the casein which the
limiting slope � is �nite.
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Theorem 2.2. Let (q; V) and e(1) ; : : : ; e( I ) > 0 be given. Assume that aggregate
willingness to take risk � : [0; � ) ! R+ is a continuous map with respect to� .
Then the following holds:

(i) For each 0 6= xm 2 RK
+ with hxm ; V xm i

1
2 < � max , there exists an asset-

market equilibrium with market-clearing prices

p? = 1
R f

h
q �

� ?

hxm ; V xm i
1
2

V xm

i
; (12)

where � ? 2 (0; � ) is a solution to (11).

(ii) If, in addition, � is strictly increasing with respect to all � for which � (� ) >
0, then the asset-market equilibrium (12) is uniquely determined.

The pricing rule (12) reveals three features of the CAPM. Firstly, the market
portfolio xm is e�cient and in equilibrium any investor will hold a propor tion
of xm , i.e., a portfolio with the same mix of risky assets asxm . Secondly, the
equilibrium price of risk � ? responds to changes in second-moment beliefsV
but not to changes in �rst-moment beliefs q. As a consequence, any change in
�rst-moment beliefs q changes the corresponding market-clearing asset prices in
a linear fashion, irrespective of any nonlinearities in investors' utility functions.
Thirdly, the equilibrium price of risk is bounded by the lowest limiting slope
� . This con�rms that Nielsen's earlier requirement that all l imiting slopes be
in�nite is not necessary.

Theorem 2.2 reduces the existence and uniqueness of an equilibrium in K
markets to an invertibility condition of a one-dimensional demand function (9).
It is illustrated in Figure 2 with two panels displaying `aggregate o�er curves' for
risk. Panel (a) depicts a backward bending o�er curve implying the existence of
multiple equilibria. Panel (b) depicts a situation in which aggregate willingness
to take risk is increasing but not surjective. Then an asset-market equilibrium
does not exist if the aggregate risk of the markethxm ; V xm i

1
2 is above the upper

bound of risk � max that investors are prepared to accept.

�

�

� � ?1

� � ?2

hxm ;Vxmi
1
2 � max

Rf

IX

i =1

e( i )

(a) Two equilibria, � ?1 and � ?2 ,
U ( i ) (�; � ) = �

1+ � � � .

�

�hxm ;Vxmi
1
2� max

Rf

IX

i =1

e( i )

(b) No equilibrium, U ( i ) (�; � ) = ln � � � .

Figure 2: Multiplicity and Non-existence of Equilibria

Formula (12) is a vector version of what is known as thecertainty equivalent
pricing formula of the CAPM, see Luenberger (1998). To see this, denote by

rm = hq;x m i
hp? ;x m i � 1 the return of the market portfolio xm and by � m = hx m ;V x m i

1
2

hp? ;x m i

10



its standard deviation. Using the pricing formula (12), it i s readily seen that
the expected rate of return � m of xm satis�es � m = r f + � ? � m ; so that the risk-
return characteristics of xm lie on the capital market line. Thus the equilibrium
price of the k-th asset (k = 1 ; : : : ; K ) takes the form

p(k )
? = 1

R f

h
q(k ) �

�
� m � r f

� 2
m

�
Cov[q(k ) ; rm ]

i
:

The term in the bracket is called the certainty equivalent of the k-th asset
because this value may be treated as the certain amount of theasset's proceeds
before discounting it to obtain p(k )

? .
The next corollary is immediate from Proposition 2.1 and Theorem 2.2 and

a re�nement of B•ohm (2002, Thm. 3.2). Closely related results are Dana (1999,
Prop. 3.4) and Hens, Laitenberger & L•o�er (2002, Thm. 1). Th e key observation
is that aggregate willingness to take risk � is invertible with respect to all
� 2 (0; � ), if all individual demand functions ' ( i ) are non-decreasing in� with
at least one demand function being increasing for positive� and surjective on
R+ .

Corollary 2.1. Under the hypotheses of Theorem 2.2, suppose that the willing-
ness to take risk of all investors is non-decreasing in� and that the preferences
of at least one investor satis�es the conditions of Proposition 2.1 stated in (ii)
and (iii). Then for any market portfolio 0 6= xm 2 RK

+ , there exists a unique
asset-market equilibrium.

Although Corollary 2.1 is quite elementary, it reveals that two tasks have
to be tackled when addressing existence and uniqueness issues in more gen-
eral setups with heterogeneous beliefs or asset endowmentsor both. Firstly,
invertibility and surjectivity of the aggregate asset demand function, given be-
liefs about future gross returns. Secondly, the speci�cation of preferences that
guarantee these two properties. While the �rst task can be addressed using the
Global Inverse Function Theorem, e.g., see Deimling (1980,Thm. 15.4, p. 153)
or Gale & Nikaido (1965), the second one is signi�cantly harder, mainly because
the dimensionality of the �rst problem cannot be reduced to one as in Theorem
2.2 if investors have either initial endowments of assets orheterogeneous beliefs.

2.4 Equilibria with heterogeneous beliefs

Consider now an economy in which the investors have linear mean-variance
preferences and heterogeneous beliefs as regards future gross returns of assets.
If ( q( i ) ; V ( i ) ) 2 RK �M K denotes investori 's subjective belief, her asset demand
function takes the form

� ( i ) (q( i ) ; V ( i ) ; p) = a( i ) V ( i ) � 1[q( i ) � Rf p]; p 2 RK : (13)

The market-clearing condition reads

IX

i =1

� ( i ) (q( i ) ; V ( i ) ; p) = xm : (14)

Inserting (13), one obtains an explicit market-clearing price p which solves (14)
as follows. For arbitrary second-moment beliefsV ( i ) 2 M K , i = 1 ; : : : ; I , all

11



K � K matrices

A := 1
R f

 
IX

i =1

a( i ) V ( i ) � 1

! � 1

and A ( i ) := a( i ) AV ( i ) � 1; i = 1 ; : : : ; I (15)

are well de�ned. Solving (14) for p yields an explicit equilibrium map

p? = G
�
(q( i ) ; V ( i ) )I

i =1

�
:=

IX

i =1

A ( i ) q( i ) � Ax m (16)

which determines the market-clearing price vector. The functional form4 of G
re
ects the fact that asset prices are essentially determined by subjective beliefs
of investors (q( i ) ; V ( i ) ). Note for sake of completeness that for homogeneous
beliefs, i.e., q( i ) = q and V ( i ) = V for all i = 1 ; : : : ; I , we recover the pricing
rule (12) which now takes the form

p? = 1
R f

h
q � 1

a(1) + ��� + a( I ) V xm

i
:

Despite of the above existence and uniqueness results for non-linear mean-
variance preferences, explicit equilibrium mapsG, unfortunately, remain the
exception.

3 Heterogeneous Beliefs and Social Interaction

A major caveat of the traditional CAPM with homogeneous beliefs is that it
cannot explain trading between investors, because according to the theory in-
vestors will hold a certain proportion of the market portfol io which is constant
over time. This unrealistic property seems to reappear in many representative
agent models, see Judd, K•ubler & Schmedders (2003). To remedy this caveat,
this section adopts a modeling approach of B•ohm, Deutscher& Wenzelburger
(2000). The key idea is to extended a static two-period modelto a dynamic
model by linking together an in�nite series of two-period economies. In terms
of the CAPM introduced in Section 2, this is achieved by �rst r einterpreting
the static equilibrium map (16) as a temporary equilibrium map and then link-
ing together prices and allocations of two consecutive periods by specifying the
forecasting rules which investors use to form and update their beliefs.

The model presented here has originally been built on a structure with over-
lapping generations of consumers and developed in Wenzelburger (2004). One
can equally well assume that consumers have in�nite lives and maximize wealth
myopically as in Horst & Wenzelburger (2008) because the results regarding
the dynamics of asset prices and allocations are exactly thesame. The model
includes B•ohm & Chiarella (2005) as a special case with homogeneous beliefs,
noting that their temporary equilibrium map is of the form (1 2) and hence lin-
ear in �rst-moment beliefs. The model may be seen as an extension of Brock
& Hommes (1997a, 1998) tomultiple types of agents andmultiple risky assets.
Multiple risky assets are essential for the investigation of the trade-o� between
risk and return, as the concept of a Sharpe ratio is only meaningful when more

4 It is relatively straightforward to establish a map for the c ase in which each investor trades
with a di�erent subset of risky assets.
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than one risky asset can be traded. Recently, more and more research has
been undertaken into the dynamics of markets with multiple assets, e.g., see
Chiarella, Dieci & He (2007).

This section adopts the assumption that consumers have no direct access to
the asset markets and instead select a stylized professional �nancial investor who
solves her individual investment problem. This is done to separate the e�ects
of social interaction among consumers such as herding and imitation from the
e�ects of the boundedly rational behavior of a professionalinvestor who, for
example, may want to learn systematically about the economic environment in
which she lives. For sake of simplicity we consider only one type of consumer
and two �nancial investors. The general case with multiple types of consumers
and investors is found in Wenzelburger (2004).

3.1 Temporary equilibria

Suppose that there are overlapping generations of consumers who live for two
periods. Each consumer receives an initial endowmente > 0 of a non-storable
consumption good in the �rst period of life, and does not consume. Her risk-
taking behavior is characterized by linear mean-variance preferences with risk
tolerance 1=� as in (6) and subjective beliefs regarding her future gross return
on investment. Assuming that the consumption good cannot bestored directly,
each consumer needs to transfer wealth from the �rst to the second period of
life in which she consumes the proceeds of her investments.

There exist K +1 retradeable assets in the economy, indexed byk = 0 ; 1; : : : ; K .
The �rst asset k = 0 is a risk-free bond which pays a constant returnRf > 0
per unit invested in the previous period. The assetsk = 1 ; : : : ; K correspond
to risky shares of �rms which are traded at pricespt = ( p(1)

t ; : : : ; p(K )
t ) 2 RK

+ of

period t. Share holders in periodt receive a dividend payment ofd(k )
t per unit

of the kth share. The vector of all dividend payments in periodt is denoted by
dt = ( d(1)

t ; : : : ; d(K )
t ) 2 RK

+ .
In each periodt, a group of noise-traders who demand the random quantity

� t 2 RK of shares is active in the asset market.5 The probabilistic prerequisites
on the exogenous noise and the exogenous dividend process are stipulated in
the following assumption.

Assumption 3.1. Let (
 ; F ; P) be a probability space andfF t gt 2 N an increasing
family of sub-� -algebras ofF .

(i) The dividend payments are described by anfF t gt 2 N-adapted stochastic
processf dt gt 2 N on (
 ; F ; P) with values in D � RK

+ .

(ii) The noise traders' transactions are governed by afF t gt 2 N-adapted stochas-
tic process f � t gt 2 N on (
 ; F ; P) with values in RK which is uncorrelated
with the dividend processf dt gt 2 N de�ned in (i ).

There are two professional �nancial investorsi = 1 ; 2, from now on referred
to as mediators, who are characterized by subjective beliefs regarding the future
gross returns of the assets which are determined by future cum-dividend prices.

5Noise traders will be thought of as traders whose portfolio d ecisions are not captured by
a standard microeconomic decision model. Alternative inte rpretations as those of De Long,
Shleifer, Summers & Waldmann (1990, p. 709) apply as well.
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In each period young consumers are allowed to select a mediator based on her
past performance. For simplicity, we abstract from intermediation costs for
consumers and suppress the constantse whenever possible.

For later purposes it is convenient to express all aggregatequantities in per
capita of young consumers. Denote by� t 2 [0; 1] the fraction of consumers
which employ mediator 1 in period t and by 1 � � t the fraction which employs
mediator 2. Then W (1)

t = � t e and W (2)
t = (1 � � t )e are the respective amounts of

resources per capita which the mediators receive from youngconsumers before
trading takes place in that period. Her earnings from dividend and interest
payments from the per-capita portfolio holding (x( i )

t � 1; y( i )
t � 1) 2 RK � R obtained

after trading in period t � 1 are r f y( i )
t � 1 + hdt ; x( i )

t � 1 i . Since aggregate repayment

obligations to old consumers areRf y( i )
t � 1 + hpt + dt ; x( i )

t � 1 i , her budget constraint

in period t readsW ( i )
t = hpt ; x( i ) i + y( i ) .

Let (q( i )
t ; V ( i )

t ) be mediator i 's subjective beliefs for the future cum-dividend
price qt +1 = pt +1 + dt +1 in period t. Then the per-capita demand of mediator
i is

x( i )
t = � ( i ) (a( i )

t ; q( i )
t ; V ( i )

t ; p) = a( i )
t V ( i ) � 1

t [q( i )
t � Rf pt ] (17)

with a(1)
t := � t

� and a(2)
t := 1� � t

� denoting the mediators' risk-adjusted market
shares, respectively. The market clearing condition of theasset markets in
period t reads

2X

i =1

h
� ( i ) (a( i )

t ; q( i )
t ; V ( i )

t ; pt ) � x( i )
t � 1

i
+ � t � � t � 1 = 0 ; (18)

where � t 2 RK denotes the per-capita portfolio holdings of the noise traders
after trading in period t.

t � 1 t t + 1

a( i )
t � 1 a( i )

t a( i )
t +1

(q( i )
t � 1; V ( i )

t � 1) (q( i )
t ; V ( i )

t )
| {z }

(q( i )
t +1 ; V ( i )

t +1 )pt � 1 pt pt +1

dt � 1 dt dt +1

� t � 1 � t � t +1

Figure 3: Time-line of price formation.

To solve (18) note that the sum of previous positions
P 2

i =1 x( i )
t � 1 + � t � 1 must

be equal to the total (per-capita) stock of assetsxm 2 RK
+ in the economy. For

eacht, let
at = ( a(1)

t ; a(2)
t ) (19)

be period t's pro�le of risk-adjusted market shares. Solving the market-clearing
condition (18) for pt yields a temporary equilibrium map which for arbitrary
beliefs (q( i )

t ; V ( i )
t ) and market sharesat takes the form

pt = G
�
� t ; at ; (q( i )

t ; V ( i )
t )2

i =1

�
:= A (1)

t q(1)
t + A (2)

t q(2)
t � A t (xm � � t ) (20)

with coe�cient matrices

A t := 1
R f

�
a(1)

t V (1) � 1
t + a(2)

t V (2) � 1
t

� � 1
and A ( i )

t := a( i )
t A t V

( i ) � 1
t ; i = 1 ; 2:
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Due to the positive de�niteness of all subjective covariance matrices, all coe�-
cient matrices in (20) are well de�ned and invertible.

The map G determines market clearing prices in each period given the beliefs
of all investors and the demand of noise traders. It is essentially the same as
(16) except that it allows for varying market shares. The crucial assumption
here is that there is no a-priori dependence of beliefs on current asset prices.
Although economically desirable, any such assumption willpotentially introduce
non-linearities into the market-clearing condition (18). This in turn may easily
destroy existence and uniqueness ofG. The dependence of beliefs on past prices
will be introduced in Section 3.2 below by adopting the concept of a forecasting
rule. It will then be shown that forecasting rules of investors who care about
the precision of their forecasts will not depend on asset prices of the current
period.

As G does not contain past prices as arguments, the evolution of the asset
prices can only be driven by the forecasting technology of the mediators and
the way in which consumers select among mediators. The dating of the beliefs
(q( i )

t ; V ( i )
t ) relative to the price pt in the price law (20) contains an expecta-

tional lead, i.e., beliefs are one period ahead of the mapG with respect to the
realization of prices. This is illustrated in Fig. 3.

Since the subjective beliefs (q( i )
t ; V ( i )

t ) and the market sharesat must be set
prior to trading in period t, they must be based on information observable up to
time t � 1. Mathematically this implies that they are F t � 1 measurable. Under
Assumption 3.1, the conditional mean values and the conditional covariance
matrices of the ex-dividend price6 are

Et � 1[pt ] = A (1)
t q(1)

t + A (2)
t q(2)

t � A t (xm � Et � 1[� t ]); (21)

and
Vt � 1[pt ] = A t Vt � 1[� t ]A t (22)

respectively. The volatility as well as the correlation of ex-dividend prices be-
tween the ex-dividend prices of di�erent risky assets is exclusively generated
by the noise-trader behavior, the subjective covariance matrices of the medi-
ators, and the choice behavior of consumers. In particular,this correlation is
zero if noise-traders are absent so thatVt � 1[� t ] is the zero matrix. In view of
Assumption 3.1, the corresponding second moments of the cum-dividend prices
qt = pt + dt are

Vt � 1[qt ] = Vt � 1[pt ] + Vt � 1[dt ]: (23)

3.2 Perfect forecasting rules

A complete description of the evolution of asset prices and portfolios requires a
speci�cation of how investors form their expectations. This is done by adopting
the concept of a forecasting rule in the sense of Grandmont (1982). A priori,
there is a great degree of freedom in specifying such forecasting rules. Many
authors, especially those who contribute to this volume of the handbook, use
this 
exibility in search for a better understanding of how a sset markets behave
in reality and in search for a better match of empirically observed price patterns.

6We write Et � 1 [pt ] for the conditional expectations E[pt jF t � 1 ] and Vt � 1 [pt ] for the con-
ditional second moments V[pt jF t � 1 ].
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This section will complement these contributions with a more normative
one. Consider to this end a benchmark case in which at least one mediator, say
mediator 2, is able to correctly anticipate future asset prices. As mediator 2
is endowed with mean-variance preferences, it su�ces to investigate the case in
which the �rst two moments of her subjective probability dis tributions coincide
with the �rst two moments of the true distributions. To this e nd we will review
the notion of a perfect forecasting rule for �rst moments, also referred to as an
unbiased forecasting rule, and a perfect forecasting rule for second momentsand
provide a brief outline of conditions guaranteeing existence of such forecasting
rules. For brevity we will adopt the term rational expectations to describe the
situation in which mediator 2 is able to correctly predict th e �rst two moments of
the price process while other market participants may have non-rational beliefs.

The main informational constraint for an investor to apply a perfect fore-
casting rule is the fact that market shares and expectationsof other market
participants are generally unobservable. Therefore, one may argue that it is
highly unlikely that investors have rational expectations in real situations. How-
ever, as the rational expectations paradigm is still very popular in economics
and �nance, perfect forecasting rules are a concept that allows to reconcile
this traditional view with the recent behavioral approaches in these disciplines.
The concept of accurateness adopted here is relaxed in B•ohm& Wenzelburger
(2002) and Wenzelburger (2006) to� -perfect forecasting rules which allow for
deviations of a prescribed magnitude� . Wenzelburger (2006) also demonstrates
that in terms of accurate forecasts, successful learning schemes should aim at
estimating perfect forecasting rules.

Suppose for simplicity, that the exogenous dividend process is known. Let
t 2 N be arbitrary and p(2)

t � 1 denote the forecast for theex-dividend pricespt and

q(2)
t � 1 = p(2)

t � 1 + Et � 1[dt ] be the forecast for thecum-dividend prices qt = pt + dt ,
both made at date t � 1. Using (21), the expected cum-dividend price conditional
on information available at date t � 1 is

Et � 1[qt ] = A (1)
t q(1)

t + A (2)
t q(2)

t � A t (xm � Et � 1[� t ]) + Et � 1[dt ]: (24)

The condition that investor 2's forecast error conditional on information avail-
able at date t � 1 vanishes is

Et � 1[qt � q(2)
t � 1] = 0 P � a.s. (25)

By construction, A (2)
t is invertible. Inserting (24) into (25), one may therefore

solve for the forecastq(2)
t to obtain

q(2)
t = A (2) � 1

t

�
p(2)

t � 1 � A (1)
t q(1)

t + A t (xm � Et � 1[� t ])
�

:

Rearranging, one obtains a perfect forecasting rule for �rst moments

q(2)
t = 	 (2)

1?

�
at ; Et � 1[dt ]; Et � 1[� t ]; q(1)

t ; V (1)
t ; V (2)

t ; q(2)
t � 1

�
(26)

:= Rf p(2)
t � 1 � 1

a(2)
t

V (2)
t

�
� (1) (a(1)

t ; q(1)
t ; V (1)

t ; p(2)
t � 1) + Et � 1[� t ] � xm

�
:

The term in the parentheses of the r.h.s. of (26) is the expected excess demand of
mediator 1 and noise traders. By construction, the forecasting rule (26) chooses
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period t's forecast q(2)
t such that the previous forecastq(2)

t � 1 is unbiased in the
sense that (25) is satis�ed. Thus (26) provides the best least-squares prediction
for qt +1 conditional on information available at time t. Since eachA (2)

t , t 2 N
is invertible, (26) is well de�ned and thus generates correct conditional �rst
moments for mediator 2 along the whole actual price process.The important
insight of the functional form (26) is that mediator 2 has to know the expected
excess demand of all other market participants in order to obtain unbiased
forecasts.7

The construction of perfect forecasting rules for second momentsis based on
the observation that the subjective covariance matrix V (2)

t in the expression for
(26) has not been speci�ed yet. The idea is analogous to the idea for perfect
forecasting rules for �rst moments: choose the matrixV (2)

t such that V (2)
t � 1 is the

correct forecast for the true second momentsVt � 1[qt ].
Note �rst that in the absence of noise traders (22) impliesVt � 1[pt ] � 0. By

Assumption 3.1, (23) then reduces to

Vt � 1[qt ] = Vt � 1[dt ] for all t 2 N:

As a consequence,V (2)
t must be equal to Vt [dt +1 ] in order to be correct. This

surprising result holds even for non-linear price laws as inB•ohm & Chiarella
(2005).

If noise traders are operating in the market, matters change. Recall that by
Assumption 3.1 (ii) � t and dt are uncorrelated, so that

Vt � 1[qt ] = A t Vt � 1[� t ]A t + Vt � 1[dt ]: (27)

Using (27), the condition that mediator 2's forecast errorsfor second moments
of period t � 1 vanish takes the form

A t Vt � 1[� t ]A t + Vt � 1[dt ] � V (2)
t � 1 = 0 : (28)

Since A t = 1
R f

�
a(1)

t V (1) � 1
t + a(2)

t V (2) � 1
t

� � 1
, this implies that perfect forecast-

ing rules for second moments are determined by symmetric, positive de�nite
solutions V (2)

t to (28): V (2)
t has to be chosen such that the previously deter-

mined forecastV (2)
t � 1 becomes correct.

Condition (28) is a matrix polynomial equation. In the one-asset caseK = 1,
it reduces to a scalar quadratic equation which is straightforward to solve. The
multi-asset case requires some linear algebra. The following existence result is
found in Wenzelburger (2004, 2006). For sake of simplicity assume that the
dividend process is predictable, that is,Et � 1[dt ] = dt and Vt � 1[dt ] = 0 for all
t 2 N. The existence proof now consists of two steps. Firstly, �nda symmetric
positive de�nite matrix � t such that � � 1

t Vt � 1[� t ]� � 1
t = V (2)

t � 1. Secondly, if the
matrix

1
R f

� t � a(1)
t V (1) � 1

t (29)

positive de�nite, then the desired second moment is found.

7An unbiased forecasting rule for ex-dividend prices is obta ined from (26) by setting p(2)
t � 1 =

q(2)
t � 1 � Et � 1 [dt ] as a forecast for pt . Then (25) implies that all forecast errors on ex-dividend

prices for mediator 2 vanish in the mean, that is, Et � 1 [pt � p(2)
t � 1 ] = 0 for all times t.
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Proposition 3.1. Under the hypotheses of Assumption 3.1 suppose that divi-
dends are predictable and that each� t � 1 := Vt � 1[� t ], t 2 N is positive de�nite.
Set8

� t =
p

� t � 1

r � p
� t � 1 V (2)

t � 1

p
� t � 1

� � 1 p
� t � 1; t 2 N:

Then the forecasting rule for second moments	 (2)
2? , given by

V (2)
t = 	 (2)

2?

�
� t � 1; at ; V (1)

t ; V (2)
t � 1

�
:= a(2)

t

�
1

R f
� t � a(1)

t V (1) � 1
t

� � 1
; (30)

provides correct second moments of the price process at datet in the sense that
(28) holds whenever (29) is positive de�nite anda(2)

t > 0.

When noise traders induce zero correlation between di�erent assets such
that Vt � 1[� t ] � � 2

� I K , then � t reduces to � t = � �

q
V (2) � 1

t � 1 . If (29) is not

symmetric and positive de�nite, then 	 (2)
2? does not de�ne a covariance matrix

and forecasting rules which predict correct second momentsfor all times t do
not exist.

The following two lemmas establish existence and uniqueness in two special
cases. In the �rst one, all mediators agree upon subjective second moments.
In the second case, mediators 1 believes in constant covariance matrices. Using
(19), note that a(1)

t + a(2)
t = 1

� for all t 2 N. Set a = 1
� for the aggregate risk

tolerance of all consumers.

Lemma 3.1. Under the hypotheses of Proposition 3.1, supposeV (1)
t � V (2)

t for
all times t. Then the forecasting rule (30) takes the form

V (2)
t = ( Rf a)

q
� � 1

t � 1

r � p
� t � 1 V (2)

t � 1

p
� t � 1

� q
� � 1

t � 1:

If, in addition, Vt � 1[� t ] � � is constant over time, then the constant rule

V (2)
t � (Rf a)2� � 1 for all t 2 N

is perfect for second moments as well.

Lemma 3.2. Under the hypotheses of Proposition 3.1, letVt � 1[� t ] � � 2
� I K

with � � > 0. Assume that the following hypotheses are satis�ed.

(i) Mediator 1 uses constant covariance matricesV (1)
t � V (1) for all times t,

where V (1) � 1 = O> diag(� (11) ; : : : ; � (1K ) ) O for some orthogonalK � K
matrix O. The eigenvalues satisfy

max
n

� (1k) : k = 1 ; : : : ; K
o

< 1
4

�
� �

R f a

� 2
:

8Recall the de�nition of a square root of a symmetric positive de�nite matrix. It is well
known that any symmetric and positive de�nite K � K matrix B can be diagonalized so
that B = O> diag( � 1 ; : : : ; � K )O for real eigenvalues � 1 ; : : : ; � K > 0 and for some orthogonal
matrix O, i.e. O> O = I K . The square root

p
B of B is a symmetric positive de�nite matrix,

de�ned by
p

B := O> diag(
p

� 1 ; : : : ;
p

� K )O, such that B =
p

B
p

B .
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(ii) The initial forecast in period 0 is V (2)
0 := O> diag(� (21) � 1

0 ; : : : ; � (2K ) � 1
0 )O,

where O is given in (i ) and � (21)
0 ; : : : ; � (2K )

0 > 0.

If the initial eigenvalues � (21)
0 ; : : : ; � (2K )

0 are suitably large, then the forecasting
rule (30) is perfect for second moments whenevera(2)

t > 0.

Observe that perfect forecasting rules for second moments are not necessarily
uniquely determined. Mathematically this is due to the natural existence of
multiple solutions to matrix polynomial equations, see Gohberg, Lancaster &
Rodman (1982). Of course, this multiplicity arises alreadyin the one-asset case.

3.3 Systematic and non-systematic risk

In a mean-variance framework it is natural to evaluate investment decisions of
boundedly rational investors by comparing the Sharpe ratios associated with
their portfolios. It follows from the separation principle discussed in Section
2 that the higher the Sharpe ratio of a portfolio, the higher is the expected
utility of an investment. Any portfolio x( i )

t of an investor i with mean-variance
preferences is, of course, e�cient with respect to subjective beliefs (q( i )

t ; V ( i )
t ).

However, such a portfolio will not necessarily be e�cient with respect to the
true moments of the actual price process. Moreover, since investors in an en-
vironment with heterogeneous beliefs will most likely not hold a proportion of
the market portfolio, it is a priori unclear which portfolio will attain the highest
Sharpe ratio. A modi�ed market portfolio which in the sense of Markowitz is
e�cient with respect to the true �rst moments and which attains the hi ghest
possible Sharpe ratio has been introduced in Wenzelburger (2004). The pur-
pose of this section is to review this concept, to introduce asecurity market line
for heterogeneous beliefs, and to adapt the CAPM concepts ofsystematic and
non-systematic risk to the model under consideration.

Assume from now on that all covariance matricesVt � 1[� t ], t 2 N are positive
de�nite so that all Vt [qt +1 ], t 2 N are invertible and let � t := Et [qt +1 ] � Rf pt

denote the vector of expected excess returns in periodt. A reference portfolio
of period t may then be de�ned by

xref
t := Vt [qt +1 ]� 1� t : (31)

The reference portfolio xref
t of period t is a `�ctitious' portfolio as it is not

necessarily held by a trader. It is a quantity that can be associated with any
price process with non-degenerate second moments. From thediscussion in
Section 2.3 it is not hard to see that the reference portfolioxref

t is collinear to
the market portfolio xm if beliefs are homogeneous and noise trader are absent.
It is therefore justi�ed to refer to xref

t as the modi�ed market portfolio which
accounts for the diversity in investors' beliefs.

Since the value of this reference portfolio at pricespt is hpt ; xref
t i , its return

is

Rref
t +1 =

hqt +1 ; xref
t i

hpt ; xref
t i

� 1:

Its conditional variance Vart [Rref
t +1 ] computes as

Vart [Rref
t +1 ] =

hxref
t ; Vt [qt +1 ]xref

t i
hpt ; Vt [qt +1 ]� 1� t i 2 =

h� t ; Vt [qt +1 ]� 1� t i
hpt ; Vt [qt +1 ]� 1� t i 2 (32)
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and hence is proportional to the squared market price of riskh� t ; Vt [qt +1 ]� 1� t i .
This implies that the (conditional) risk premium of the reference portfolio sat-
is�es

Et [Rref
t +1 ] � r f = h� t ; Vt [qt +1 ]� 1� t i

1
2 Vart [Rref

t +1 ]
1
2 ; (33)

so that its risk-return characteristics lie on the capital-market line of period t.
Let x( i )

t denote the portfolio of risky assets held by mediatori in period t
after investing W ( i )

t . Then the realized return R( i )
t +1 on i 's portfolio in period

t + 1 is
R( i )

t +1 = r f + 1
W ( i )

t

h� t ; x( i )
t i : (34)

The conditional covariance Covt [R
( i )
t +1 ; Rref

t +1 ] between R( i )
t +1 and the return of

the reference portfolioxref
t is

Covt [R
( i )
t +1 ; Rref

t +1 ] = 1
W ( i )

t

hx( i )
t ; Vt [qt +1 ]xref

t i : (35)

Inserting (31) into (35), we see that the risk premium associated with the port-
folio x( i )

t becomes

Et [R
( i )
t +1 ] � r f = hpt ; V[qt +1 ]� 1� t i Covt [R

( i )
t +1 ; Rref

t +1 ]: (36)

Thus the risk premium of mediator i 's portfolio is proportional to the covariance
between its return and the return of the reference portfolio. Combining (36)
with (32) and (33) yields the following theorem, see Wenzelburger (2004).

Theorem 3.1. Let i be an arbitrary mediator and assume that preferences and
beliefs of all market participants are such that asset markets clear in each period
t 2 N at prices pt . Moreover, assume thatVt [qt +1 ] is positive de�nite for all
t 2 N such that the reference portfolio is well de�ned. Then for each t 2 N,

Et [R
( i )
t +1 ] � r f = � ( i )

t

�
Et [Rref

t +1 ] � r f
�
; where � ( i )

t :=
Covt [R

( i )
t +1 ; Rref

t +1 ]

Vart [Rref
t +1 ]

:

Theorem 3.1 is a generalization of thesecurity market line (e.g., see LeRoy &
Werner (2001) or Luenberger 1998) to asset markets with heterogeneous beliefs.
It states that the expected rate of return of a portfolio incr eases linearly as
its covariance with the reference portfolio or, equivalently, as its � ( i )

t increases.
One important observation is that its proof required no assumption on the
preferences of investors and, apart from the covariance structure, no assumption
on the nature of the price process.

Theorem 3.1 provides further insights as to why the conditional beta � ( i )
t of

a portfolio x( i )
t is an important measure of risk. Firstly, as in the static case we

may always choose a random variable" ( i )
t +1 such that the random return of x( i )

t
may be written as

R( i )
t +1 = r f + � ( i )

t [Rref
t +1 � r f ] + " ( i )

t +1 : (37)

Taking expectations, Theorem 3.1 impliesEt ["
( i )
t +1 ] = 0. Taking the conditional

covariance betweenRref
t +1 and (37) and using the de�nition of the conditional
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beta, we see thatCovt ["
( i )
t +1 ; Rref

t +1 ] = 0. Thus, the variance of R( i )
t +1 becomes the

sum of two parts:

Vart [R
( i )
t +1 ] = ( � ( i )

t )2Vart [Rref
t +1 ] + Vart ["

( i )
t +1 ]

The �rst part ( � ( i )
t )2 Vart [Rref

t +1 ] may be termed systematic risk. This risk is

associated with the market in period t as a whole. If x( i )
t consisted of a single

asset, then this risk could not be diversi�ed away because every asset with a
nonzero beta contains this risk. The second part may be termed non-systematic
or idiosyncratic risk . This risk is uncorrelated with the market and could be
reduced by diversi�cation, namely by choosing a combination of the risk-free
asset and the reference portfolio.

Secondly, Theorem 3.1 states that the risk premium of a portfolio x( i )
t can

only be higher than the risk premium of the reference portfolio xref
t at the

expense of higher risk, i.e.Vart [R
( i )
t +1 ] � Vart [Rref

t +1 ]. Using the well-known
inequality

Covt [R
( i )
t +1 ; Rref

t +1 ] �
q

Vart [R
( i )
t +1 ]

q
Vart [Rref

t +1 ];

Theorem 3.1 implies that the Sharpe ratio conditional on information at date t
of a portfolio x( i )

t is bounded from above by

Et [R
( i )
t +1 ] � r fq

Vart [R
( i )
t +1 ]

�
Et [Rref

t +1 ] � r fq
Vart [Rref

t +1 ]
= h� t ; Vt [qt +1 ]� 1� t i

1
2 : (38)

The upper bounds of the Sharpe ratios (38) are the market prices of risk which
are generated by the endogenous price process. Since any portfolio of risky
assets ~x t = � x t with � > 0 will have the same Sharpe ratio asx t 2 RK , only
the mix of a portfolio has an in
uence on its Sharpe ratio.9 Hence in a world of
heterogeneous investors, perfect forecasting rules for �rst and second moments,
if they exists, allow to form portfolios which are e�cient in the the original sense
of Markowitz and thus attain the highest possible conditional Sharpe ratios.

3.4 Selecting mediators

Let us next review a probabilistic framework that allows to model the decision
making of consumers who are assumed to be boundedly rationalin the sense
of Simon (1982). Adopting a standard assumption in the social interaction lit-
erature (e.g., see Blume (1993), Brock & Durlauf (2001), Horst & Scheinkman
2006), assume that mediators are randomly selected, where the choice proba-
bilities depend on a certain performance measure. The general idea is that this
performance measure and thus a mediator's market shares depend on the empir-
ical distribution of observable quantities such as asset prices, wealth positions,
and returns. There are numerous ways to specify such performance measures.
Since the work of Brock & Hommes (1997a,b,1998), most approaches build on
the fact that consumers are generally unable to make accurate forecasts about
the future and therefore have to rely on the empirical performance of an in-
vestment strategy. In this section, we will follow the intui tion that consumers

9Note that the Sharpe ratio is only a meaningful concept for mu ltiple risky assets, K > 1.
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take into account realized returns of mediators when deciding on where to invest
their endowment.

Let X t 2 Rd denote the vector of observables at timet and %t its empirical
distribution, i.e.,

%t :=
1
t

t � 1X

s=0

� X s with %t (f ) :=
Z

f d%t =
1
t

t � 1X

s=0

f (X s); (39)

where � x denotes the Dirac measure that puts all mass onx and f : Rd ! R
is a bounded, measurable map. A consumer's willingness to invest through a
speci�c mediator may now be linked to a performance measure of a mediator's
investment strategy as follows.

De�nition 3.1. Let f ( l ) : Rd ! R, l = 1 ; 2; : : : ; L be a �xed list of bounded,
measurable functions. For anyt 2 N, denote by

zt :=
�
%t (f (1) ); : : : ; %t (f (L ) )

�

the list of empirical averages which is relevant in period t. A performance
measure for mediator i is a Lipschitz continuous function � ( i ) : RL ! R such
that mediator i 's performance in period t is characterized by� ( i )

t = � ( i ) (zt ).

In this setting the performance of mediator i at time t depends on the entire
history X s , s < t of the process excluding the realizationX t . The list of
performance measures� t = ( � (1)

t ; � (2)
t ) is also referred to as a�tness measure

which consumers observe. Since the functionsf ( l ) ; l = 1 ; : : : ; L are �xed and
the same for all mediators, a performance measure may be interpreted as a
real-valued mapping from the set of probability distributi ons on Rd so that
� ( i )

t � � ( i ) (%t ). In a mean-variance frame work, the following two examplesare
natural: empirical averages and empirical Sharpe ratios.

Example 3.1. Suppose that the performance of mediatori is measured by em-
pirical averages of historically realized returnsf R( i )

s gt
s=0 on investment as given

by (34). Having invested the amountW ( i )
t � 1, her return from selling the portfolio

x( i )
t � 1 as given in (17) in period t is

R( i )
t = f ( i ) (X t ) := r f +

1
� e

h[qt � Rf pt � 1]; V ( i ) � 1
t � 1 [q( i )

t � Rf pt � 1]i :

Here X t 2 Rd is a suitably de�ned vector, f ( i ) : Rd ! R is a suitably de�ned
continuous function10, and L = 2 . Based on empirical averages of returns, the
performance of mediator i in period t is measured by

� ( i )
t := %t (f ( i ) ) =

1
t

t � 1X

s=0

R( i )
s ;

where � ( i ) is the identity mapping.

10 A priori, there is no reason to assume that returns can be repr esented by bounded
functions. Assuming that consumers do not trust in the valid ity of extraordinary high re-
turns, one could modify the performance measure by replacin g f ( i ) (X ) with ~f ( i ) (X ) :=
maxf Rmin ; maxf f ( i ) (X ); Rmax gg.
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Example 3.2. For each i = 1 ; 2, set f ( i +2) := f ( i )2 with f ( i ) as in Example 3.1
to get

%t (f ( i +2) ) = 1
t

t � 1X

s=0

R( i )2
s

with L = 4 . Based on empirical Sharpe ratios, the performance of mediator i
in period t is measured by

� ( i )
t = � ( i ) (zt ) := %t ( f ( i ) ) � r f�

%t ( f ( i +2) ) � %t ( f ( i ) )2
� 1

2
;

noting that the denumerator of � ( i )
t is the empirical standard deviation of me-

diator i 's realized returns.

The central assumption in modeling consumers' choice is that their choice
probabilities depend on the current performance measures� t or, equivalently,
on the list of empirical averageszt 2 RL . Speci�cally, let consumers act condi-
tionally independent of each other givenzt so that an individual consumer at
time t chooses mediator 1 with probability F (zt ) and mediator 2 with probabil-
ity 1 � F (zt ), where F : RL ! R is a uniformly continuous `choice function'. In
the limit of an in�nite number of consumers, the law of large numbers implies
that the fraction of consumers who in fact choose mediator 1 is F (zt ). Thus
mediator 1's market share at time t is deterministic and given by

� t = F (zt ) with zt =
�
%t (f (1) ); : : : ; %t (f (L ) )

�
; (40)

whereas mediator 2's market share is 1� F (zt ). A convenient parameterization
of choice functions is provided by aLogit model (e.g., see Anderson, de Palma
& Thisse 1992) as the following example illustrates.

Example 3.3. Suppose the (modi�ed) logit function

' ([� (2)
t � � (1)

t ]; � ) :=
� � �

exp(� [� (2)
t � � (1)

t ]) + 1
+ � : (41)

describes the probability with which a consumer chooses mediator 1. The values
0 � � � � � 1 are upper and lower bounds for the choice probabilities, respec-
tively. The intensity of choice � > 0 speci�es the strength of the impact of the
mediators' performance on the choice decision. Based on empirical averages, a
choice function (40) for mediator 1 is now de�ned by setting

� t = F
�
zt

�
:= '

�
��( zt ); �

�
; zt 2 RL ; (42)

where ��( zt ) := � (2) (zt ) � � (1) (zt ).

3.5 Dynamic stability with rational expectations

Let us discuss the evolution of asset prices when, under the hypotheses of Section
3.2, mediator 2 has rational expectations in the sense that the �rst moments of
cum-dividend prices are correctly predicted for all timest and second moments
whenever possible. Let 	 (2)

1? be the unbiased forecasting rule de�ned in (26) and
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	 (2)
2? be some forecasting rule for second moments which coincideswith (30)

whenever (30) is well de�ned. Let mediator 1 use some adaptive forecasting
rules 	 (1)

1 and 	 (1)
2 to determine her beliefs regarding the evolution of future

asset prices. Inserting all forecasting rules into the temporary equilibrium map
(20) and assuming the dividend process to be predictable, weobtain the system
of stochastic di�erence equations

8
>>>>>>>>><

>>>>>>>>>:

qt = q(2)
t � 1 + A t (� t � Et � 1[� t ]);

q(1)
t = 	 (1)

1 (qt � 1; : : : ; qt � N );

V (1)
t = 	 (1)

2 (qt � 1; : : : ; qt � N );

q(2)
t = 	 (2)

1?

�
at ; dt ; Et � 1[� t ]; q(1)

t ; V (1)
t ; V (2)

t ; q(2)
t � 1

�
;

V (2)
t = 	 (2)

2?

�
at ; Vt � 1[� t ]; V (1)

t ; V (2)
t � 1

�
:

(43)

Recalling that the risk-adjusted market shares areat = ( � t
� ; 1� � t

� ), the equa-
tions (43) together with some choice function (40) de�ne a time-one map of a
dynamical system in a random environment which describes the evolution of
prices and forecasts. The map (43) will, in general, be nonlinear. However,
as the following discussion will show, these nonlinearities are of a very speci�c
form.

Suppose that mediator 1 is a chartist who uses the simpletechnical trading
rule

q(1)
t = 	 (1)

1 (qt � n ; : : : ; qt � N ) :=
NX

n =1

D (n ) qt � n (44)

as a forecasting rule, whereD (n ) , n = 1 ; : : : ; N are K � K matrices which
describe the anticipated impact of the pastN asset prices. Let her subjective
covariance matrix be constant over time, i.e. V (1)

t � V (1) . Then, under the
hypotheses of Lemma 3.2, mediator 2 may have correct second moments which
are constant over time. If X t = ( q(2)

t ; q(2)
t � 1; qt ; : : : ; qt � N � 1) 2 Rd

+ with d =
K (N +4) denotes the vector consisting of the last two price forecast of mediator
2 and past N realized cum-dividend prices, then (43) takes the form

X t = A (a(2)
t ; V (2)

t )X t � 1 + B (a(2)
t ; � t ; dt ; V (2)

t ) (45)

with a coe�cient block matrix A (a(2)
t ; Vt ) and a vector B (a(2)

t ; � t ; Vt ). Both are
random and de�ned as follows. Setting

A (0)
t = A (0) (a(2)

t ; V (2)
t ) := Rf

�
I K + a� a(2)

t

a(2)
t

V (2)
t V (1) � 1

�
;

A (n )
t = A (n ) (a(2)

t ; V (2)
t ) := � (a� a(2)

t )

a(2)
t

V (2)
t V (1) � 1D (n ) ; n = 1 ; : : : ; N
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yields the d � d matrix

A (a(2)
t ; V (2)

t ) :=

0

B
B
B
B
B
B
B
B
B
B
B
B
@

A (0)
t 0 A (1)

t � � � A (N )
t 0 0

I K 0 � � � � � � � � � � � � 0

I K 0
. . .

...

0 0 I K
. . .

...
...

. . .
. . .

. . .
...

...
. . .

. . .
. . .

...
0 � � � � � � � � � 0 I K 0

1

C
C
C
C
C
C
C
C
C
C
C
C
A

(46)

and the vector

B (a(2)
t ; � t ; dt ; V (2)

t ) :=

0

B
B
B
B
B
B
B
B
@

1
a(2)

t

V (2)
t

�
xm � Et � 1[� t ]

�
� A (2) (a(2)

t ; V (2)
t )dt

0
A t (� t � Et � 1[� t ])

0
...
0

1

C
C
C
C
C
C
C
C
A

2 Rd:

The important observation now is that the system of stochastic di�erence
equations (45) is (a�ne-) linear if the market shares and the subjective covari-
ance matrices are constant over time such thata(2)

t = a and V (2)
t = V for all

times t. In this case, the stochastic process generated by (45) is Markovian if
the exogenous noise is Markovian and represents an asset price dynamics with
market shares frozen at the levela. The long-run behavior of such sequences
is well-understood. The process is asymptotically stable under the condition
that all eigenvalues ofA (a; V) lie within the unit circle, e.g., see Brandt (1986)
and Arnold (1998, Corollary 5.6.6). For the non-linear system (45) with varying
market shares, a slightly stronger condition is needed.

Assumption 3.2.

(i) The eigenvalues of all the matricesA (a; V) with (a; V) 2 [a; a] � K lie
uniformly within the unit circle.

(ii) The map

A : [a; a] � K ! [a; a] � K ; (a; V) 7! A (a; V)

is Lipschitz continuous.

(iii) The map B (�) is bounded and Lipschitz continuous uniformly in� and d,
that is, there exists a constantcB independently of� and d such that

sup
�

kB (a; �; d; V ) � B (a0; �; d; V 0)k � cB
�
ja � a0j + kV � V 0k

�

for all a; a0 2 [a; a] and all V; V0 2 K .
Assumption 3.2 (i) essentially states that all eigenvaluesof each coe�cient

matrix (46) lie uniformly within the unit circle. The other t wo assumptions
are continuity conditions. The following result, given as Proposition 3.2 in
Horst & Wenzelburger (2008), demonstrates that Assumption 3.2 guarantees
boundedness of any sequenceX = f X t gt 2 N generated by (45).
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Proposition 3.2. Under Assumption 3.2, the sequencef X t gt 2 N is almost surely
bounded. Speci�cally, for any initial state x there exists a constantM x such that

Probx

�
sup

t
kX t k � M x

�
= 1 :

Here Probx denotes the probability measure on the canonical path spaceinduced
by the processf X t gt 2 N with initial state x.

Summarizing, (45) describes scenarios with a stable price process for any
coe�cient matrix A that satis�es Assumption 3.2. Note that the only crucial
assumption here is the linearity of forecasting rules for �rst moments. As soon
as the coe�cient matrix A has eigenvalues outside the unit disk, the system
(45) may become unstable. Under the particular case under consideration, it
follows immediately from B•ohm & Chiarella (2005, Thm. 3.2) that instability
occurs forRf > 1 anda(2) su�ciently close to unity. Hence market shares of the
non-rational mediator 1 have to be su�ciently high in order t o obtain a stable
price processes with rational expectations for mediator 2.A non-linear stochas-
tic scenario in which consumers switch between mediators will be discussed in
Section 5.

4 Multiperiod Planning Horizons

Investors in �nancial markets will typically have di�erent planning horizons.
Investors with long planning horizons are likely to invest more wealth into risky
assets than those with short planning horizons. Institutional investors, for ex-
ample, will pursue long-term strategies rather than trying to follow a momentary
trend. Hence, the length of a planning horizon should have a signi�cant in
uence
on an investor's risk taking behavior and thus their portfol io decisions. The tra-
ditional CAPM has �rst been generalized by Stapleton & Subrahmanyam (1978)
to a static model in which investors face a multiperiod planning horizon. As
discussed in the introduction, several extensions to setups with in�nitely lived
agents have since been developed, e.g., see Magill & Quinzii(2000) or Angeletos
& Calvet (2005, 2006). These models have in common that beliefs of all agents
are homogeneous and rational. The behavior of agents is described by an essen-
tially static one-shot optimization problem. All agents have the same in�nite
planning horizon which makes it di�cult to describe empiric ally observed trad-
ing activities, see Judd, K•ubler & Schmedders (2003). The impact of distinct
multiperiod planning horizons on the dynamics of asset prices, asset returns, and
portfolio holdings has been investigated in Hillebrand & Wenzelburger (2006a).
Their model is a natural extension of the approach presentedin Section 2.4. It
allows to describe scenarios in which investors update subjective beliefs repeat-
edly and revise previously made portfolio plans. Hence, an investigation of how
distinct planning horizons with heterogeneous beliefs a�ect individual portfolio
decisions and asset prices is possible.

4.1 Overlapping cohorts of investors

To facilitate the exposition we abstract from social interactions between con-
sumers. As in Section 3, these can be incorporated by replacing the risk toler-
ances with risk-adjusted market shares. Further details are found in Hillebrand
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& Wenzelburger (2006b). Throughout this section assume that the set of in-
vestors is composed ofJ + 1 di�erent cohorts or generations.11 In each trading
period t 2 N, a new young cohort enters the market and trades forJ +1 consec-
utive periods before its members exit the market to consume terminal wealth
in period t + J . Each cohort is identi�ed by its index j = 0 ; 1; : : : ; J which
determines the number of remaining periods in the market. Inparticular, j = J
refers to the young and j = 0 to the old cohort. Each cohort j consists of 2
types of investors characterized by risk preferences and subjective beliefs re-
garding the future evolution of the market. A single investor in an arbitrary
period is thus identi�ed by the pair ( i; j ) describing her type i 2 f 1; 2g and her
cohort j 2 f 0; 1; : : : ; J g.

There is a single consumption good in the economy which serves as numeraire
for all prices and payments. At the beginning of each period,any young investor
(i; J ) receives an initial endowment ofe( i ) > 0 units of the consumption good
which for the sake of simplicity are assumed to be constant. Investors (i; j ) with
j < J receive no additional endowments. Assuming that the consumption good
cannot be stored by consumers, each investor faces the problem of transferring
wealth from the �rst to the last period of life in which she consumes the proceeds
of her investments. The investment opportunities are the same as in Section
2.4 and consist ofK retradeable risky assets and a risk-free bond which pays
a constant return Rf > 0 per unit. For simplicity, we abstract from dividend
payments and assume that the only source of noise in the markets comes from
noise-traders as characterized in Assumption 3.1 (ii).

The portfolio choice problem of an investor (i; j ) in an arbitrary period t
is the following. At the beginning of each period t any investor forms beliefs
regarding the future prices which are relevant for her planning horizon t + j .
These beliefs are given by a subjective joint probability distribution for the ran-
dom variablespt +1 ; : : : ; pt + j . Given her beliefs, the investor's portfolio decision
will depend on current prices as well as on her wealth position in period t. As
in the one-period case, it is assumed that the portfolio problem in period t is
solvedprior to trading, that is, before the actual price pt and the noise traders'
demand � t has been observed. Current prices will therefore enter the decision
problem as a parameterp 2 RK . Let y( i;j +1)

t � 1 2 R and x( i;j +1)
t � 1 2 RK denote

the investment in the risk-free assetk = 0 and in risky assets k = 1 ; : : : ; K ,
respectively. While each young investor's wealth is equal to her initial endow-
ment e( i ) , the wealth w( ij )

t of any non-young investor (i; j ) with j < J at time
t is determined by the value of her previous portfolio holding(y( i;j +1)

t � 1 ; x( i;j +1)
t � 1 )

at current prices of period t. Thus

w( ij )
t =

�
e( i ) for j = J
Rf y( i;j +1)

t � 1 + hpt ; x( i;j +1)
t � 1 i for j = 0 ; : : : ; J � 1:

(47)

In order to obtain explicit demand functions, the following standard assump-
tions regarding investors' preferences and beliefs are made, e.g., see Stapleton
& Subrahmanyam (1978).

Assumption 4.1. Preferences and beliefs of investors are characterized by the
following assumptions:

11 The reader may think of a multiperiod OLG model. As pointed ou t above, however, this
is not essential in the present context.
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(i) Each investor of type i has preferences for terminal wealth described by a
CARA utility function

u( i ) (w) := � exp
�
� w

a( i )

�
; w 2 R;

where a( i ) > 0 denotes risk tolerance.

(ii) The subjective beliefs of investor(i; j ) at time t regarding prices pt +1 ; : : : ;
pt + j are given by a normal distribution onRKj , described by the �rst two
moments

� ( ij )
t :=

0

B
B
@

� ( i )
t;t +1
...

� ( i )
t;t + j

1

C
C
A 2 RKj ; � ( ij )

t :=

2

6
6
4

� ( i )
t; 11 : : : � ( i )

t; 1j
...

. . .
...

� ( i )
t;j 1 : : : � ( i )

t;jj

3

7
7
5 2 M Kj :

(48)
and subjective covariance matrices� ( ij )

t 2 M Kj for future prices. Here,
� ( ij )

t;t + s := E( ij )
t [pt + s] denotes investor (i; j )'s subjective mean value for

price vectors pt + s, s = 1 ; : : : ; j conditional on information available at
time t. The matrix

� ( ij )
t;ss 0 := E( ij )

t

� �
pt + s � E( ij )

t [pt + s ]
� �

pt + s0 � E( ij )
t [pt + s0]

� >
�

denotes investor(i; j )'s subjective conditional covariance matrix between
the two price vectorspt + s and pt + s0, where s; s0 = 1 ; : : : ; j .

Investors (i; j ) in Assumption 4.1 are essentially characterized by their risk
aversion and their subjective beliefs, parameterized by subjective means and
subjective second moments. For simplicity, any non-young investor (i; j ) with
a planning horizon j < J is assumed to hold the same expectations for prices
pt +1 ; : : : ; pt + j as the young investor (i; J ). This means that her beliefs are
given by the marginal distributions of the respective younginvestor (i; J ) which
is known to be normal. Economically, this assumption may be justi�ed by
presuming that all investors of type i employ the same �nancial mediator. Notice
that all subjective moments (� ( ij )

t ; � ( ij )
t ) are based on observables up to period

t � 1. Mathematically this implies that they are F t � 1 measurable.
Assuming that each investor (i; j ) maximizes subjectively expected utility

of future terminal wealth using self-�nancing portfolio st rategies, Hillebrand &
Wenzelburger (2006a) show that Assumption 4.1 is su�cient to obtain explicit
demand functions for risky assets.

Theorem 4.1. Let Assumption 4.1 be satis�ed. Then investor (i; j )'s asset
demand function for risky assets given her beliefs(� ( ij )

t ; � ( ij )
t ) 2 RKj � M Kj in

period t takes the form:

� ( ij ) (p; � ( ij )
t ; � ( ij )

t ) := a( i )

R j
f

� >
j � ( ij ) � 1

t

�
� ( ij )

t � � j p
�

; p 2 RK ; (49)

where � j :=
h
Rf I K ; : : : ; R j

f I K

i >
2 RKj � K and j = 1 ; : : : ; J .
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Note that each investor is allowed to update beliefs and reoptimize previously
planned portfolio decisions throughout her entire life. As in the one-period
case, the demand for risky assets (49) is independent of the investor's initial
wealth (47) of period t. For a two-period planning horizon j = 2 and beliefs
(� ( i )

t ; � ( i )
t ) 2 R2K � M 2K , the demand function (49) is

� ( i 2) (p; � ( i )
t ; � ( i )

t ) = a( i )

R 2
f

�
Rf I K ; R2

f I K
�

"
� ( i )

t; 11 � ( i )
t; 12

� ( i )
t; 21 � ( i )

t; 22

#� 1  
� ( i )

t;t +1 � Rf p

� ( i )
t;t +2 � R2

f p

!

:

If investors assume future prices to be uncorrelated over time, i.e. � ( i )
t;ss 0 = 0 for

all s 6= s0, then the demand function is

� ( ij ) (p; � ( i )
t ; � ( i )

t ) = a( i )
jX

s=1

1
R j � s

f

� ( i ) � 1
t;ss (� ( i )

t;t + s � Rs
f p): (50)

In this case, investor (i; j )'s asset demand function in periodt is composed ofj
mutual funds

� ( i ) � 1
t;ss (� ( i )

t;t + s � Rs
f pt ); s = 1 ; : : : ; j;

which are discounted by the factors 1
R j � s

f

, respectively. The number of used

funds depends on the length of the planning horizonj . Investors with the same
beliefs will use the same funds, but the total amount invested depends on her risk
tolerance. Hence for uncorrelated beliefs, Theorem 4.1 is amulti-fund separation
theorem. For a one-period planning horizonj = 1, the demand function (13) is
retained. Setting

B ( ij )
t =

h
B ( ij )

t; 1 ; : : : ; B ( ij )
t;j

i
:= � >

j � ( ij ) � 1
t 2 RK � Kj (51)

with B ( ij )
t;s 2 RK � K and

C( ij )
t := � >

j � ( ij ) � 1
t � j 2 RK � K ; (52)

investor (i; j )'s demand function for risky assets at time t takes the more con-
venient form

� ( ij ) (p; � ( ij )
t ; � ( ij )

t ) = a( i )

R j
f

� jX

s=1

B ( ij )
t;s � ( i )

t;t + s � C( ij )
t p

�
; p 2 RK : (53)

4.2 Temporary equilibria

In order to determine market clearing prices, let xm 2 RK
++ denote the total

stock of risky assets. Market clearing in periodt requires the existence of a
price vector pt 2 RK such that aggregate demand including noise traders equals
the total stock of risky assets. Given the individual demandfunctions (53) for
risky assets and the quantity � t demanded by noise traders, the market-clearing
condition of period t reads

2X

i =1

JX

j =1

� ( ij ) (p; � ( ij )
t ; � ( ij )

t ) + � t = xm : (54)
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Solving (53) for p yields the following temporary equilibrium map G which de-
termines market clearing prices at time t from the list of subjective beliefs
(� ( iJ )

t ; � ( iJ )
t ) and the noise-traders' demand� t as

pt = G
�

� t ;
�

� ( iJ )
t ; � ( iJ )

t

� 2

i =1

�
:=

2X

i =1

JX

j =1

A ( ij )
t � ( i )

t;t + j � A t (xm � � t ); (55)

where12

A t :=
� 2X

i =1

JX

j =1

a( i )

R j
f

C( ij )
t

� � 1

and A ( ij )
t := a( i )

R j
f

A t

JX

n = j

B ( in )
t;j : (56)

The temporary equilibrium map (55) de�nes an economic law in the sense of
B•ohm & Wenzelburger (2002) for a multiperiod version of the CAPM which
determines market-clearing prices in each trading period as a function of agents'
expectations for future prices. The mapG is of the Cobweb-typesince it contains
essentially price forecasts as arguments. Since these expectations refer to future
periods t + 1 ; : : : ; t + J , the law contains an expectational lead of length J .
Notice that all coe�cient matrices A ( ij )

t and A t are F t � 1 measurable such that
the uncertainty of the price pt rests solely with the noise trader demand� t .

Apart from the timing of subjective beliefs, the temporary equilibrium map
with a multiperiod planning horizon is structurally quite s imilar to the case with
one-period planning horizons. Here, heterogeneity consists of possibly diverse
beliefsas well asdi�erent planning horizons of investors. In Section 5.4, wewill
provide evidence that interesting implications arise from multiperiod planning
horizons.

4.3 Perfect forecasting rules

As in the one-period planning case, stochastic di�erence equations describing
the evolution of asset prices are now obtained by specifyingthe forecasting
rules according to which investors update their beliefs. Following the reasoning
of Section 3.2, we will review the case in which at least one type of investors, say
of type 2, is able to correctly anticipate future asset prices. Since by Assumption
4.1 subjective beliefs are characterized by their corresponding �rst two moments,
the analysis is restricted to the case in which the conditional mean values and the
conditional covariance matrices of the price process induced by (55) are correctly
predicted for all times t. To this end, the notion of a perfect forecasting rule
introduced in Section 3.2 is generalized to the multiperiodcase. For brevity we
again adopt the term rational expectations to describe the situation in which
type-2 investors are able to correctly predict the �rst two m oments of the price
process, whereas other market participants may have erroneous beliefs.

4.3.1 Perfect forecasting rules for �rst moments

Following Wenzelburger (2006) we assume that investors of type 2 use ano-
updating forecasting rule. The key characteristics of such a forecasting rule is

12 Since all � j have rank K , all C ( ij )
t = � >

j � ( ij ) � 1
t � j are positive-de�nite and hence in-

vertible. Since the sum of positive de�nite matrices is agai n positive de�nite, A t and thus all
A ( ij )

t are well-de�ned.
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that in any period t, the �rst J � 1 forecasts will not be updated so that

� (2)
t;t + j = � (2)

t � 1;t + j ; j = 1 ; : : : ; J � 1: (57)

The intuition of no-updating forecasting rules is as follows. Let Et � 1 [�] denote
the expectations operator taken with respect to the� -algebra F t � 1. Since the
coe�cient matrices A ( ij )

t and A t in the price law (55) are F t � 1 measurable, the
conditional expectations of pt is

Et � 1[pt ] =
2X

i =1

JX

j =1

A ( ij )
t � ( i )

t;t + j � A t
�
xm � Et � 1[� t ]

�
:

As in the one-period case, the idea now is to choose the most recent forecast
� (2)

t;t + J such that

Et � 1[pt ] � � (2)
t � 1;t +1 = 0 P � a.s. (58)

Suppose for a moment that � (2)
t;t + J can be chosen such that (58) holds. Then

the no-updating condition (57) implies that the conditiona l forecast errors of all
forecasts� (2)

t � j;t , j = 1 ; : : : ; J for pt vanish, that is,

Et � 1[pt ] � � (2)
t � j;t = 0 ; j = 1 ; : : : ; J; P � a.s. (59)

By the law of iterated expectations, for eachj = 1 ; : : : ; J ,

Et � j [pt � � (2)
t � j;t ] = Et � j

�
Et � 1[pt � � (2)

t � j;t ]
�

= 0 P � a.s.

Hence all forecasts forpt provide best least-squares predictions conditional on
the information of the respective periods as well.

The problem of obtaining unbiased forecasts is thus reducedto solving the
linear equation (58) for � (2)

t;t + J . Assuming A (2J )
t to be invertible, we obtain

� (2)
t;t + J = A (2J ) � 1

t

h
� (2)

t � 1;t �
JX

j =1

A (1 j )
t � (1)

t;t + j �
J � 1X

j =1

A (2 j )
t � (2)

t;t + j + A t
�
xm � Et � 1[� t ]

� i
:

De�ne now the expected excess demandof all investors in period t except investor
(2; J ) as

� ex
�
� (2)

t � 1;t ;
�

� ( iJ )
t ; � ( iJ )

t

� 2

i =1

�
:=

JX

j =1

� (1 j ) � � (2)
t � 1;t ; � (1 j )

t ; � (1 j )
t

�
(60)

+
J � 1X

j =1

� (2 j ) � � (2)
t � 1;t ; � (2 j )

t ; � (2 j )
t

�
+ Et � 1[� t ] � xm :

Using the fact that A (2J )
t = a(2)

R J
f

A t B
(2J )
t;J , a perfect forecasting rule for �rst

moments takes the following form.

Proposition 4.1. Let Assumptions 3.1 (ii) and 4.1 be satis�ed. If B (2J )
t;J as

given in (51) is non-singular for all t 2 N, a perfect forecasting rule for �rst
moments 	 (2)

1? of type-2 investors is given by a function

� (2J )
t = 	 (2)

1?

�
� (2J )

t � 1 ; � (2J )
t ; � t

�
(61)
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such that
8
>>><

>>>:

� (2)
t;t + j = � (2)

t � 1;t + j ; j = 1 ; : : : ; J � 1;

� (2)
t;t + J := B (2J ) � 1

t;J

h
C(2J )

t � (2)
t � 1;t �

J � 1X

s=1

B (2J )
t;s � (2)

t � 1;t + s �
R J

f

a(2) � t

i
;

where � t = � ex
�
� (2)

t � 1;t ;
�

� ( iJ )
t ; � ( iJ )

t

� 2

i =1

�
is the expected excess demand of all

investors except investor(2; J ).

The forecasting rule (61) is also be referred to as anunbiased forecasting rule.
It is a linear function of previously made forecasts and is a priori independent
of previous prices. Since the matricesB (2J )

t;J , t 2 N depend essentially on second
moment beliefs, they can be chosen to be invertible. Hence, unbiased forecast-
ing rules exist generically. From the perspective of an investor of type 2, the
unknown quantity for applying (61) is essentially the expected excess demand
(60). Inserting (61) into the price law (55), the system of stochastic di�erence
equations

8
>><

>>:

pt = � (2)
t � 1;t + A t

�
� t � Et � 1[� t ]

�
;

� (2J )
t = 	 (2)

1? (� (2J )
t � 1 ; � (2J )

t ; � t );

� t = � ex
�
� (2)

t � 1;t ;
�

� ( iJ )
t ; � ( iJ )

t

� 2

i =1

�
;

(62)

determines the asset prices of periodt under unbiased expectations for investors
of type 2, given arbitrary beliefs of type-1 investors.

A noticeable fact of an unbiased no-updating forecasting rule is that by
(59) all forecasts� (2)

t � j;t , j = 1 ; : : : ; J for pt are best least-squares predictions
conditional on information available at date t � 1. In this sense, an unbiased
no-updating rule yields the most precise forecasts as forecast errors vanish con-
ditional on information which is not available at the stage in which they have
been made. This property holds only for forecasts which feedback into the
temporary equilibrium map in a non-trivial manner, see Wenzelburger (2006).

4.3.2 Perfect forecasting rules for second moments

While perfect forecasting rules for �rst moments exist generically, more restric-
tions are required to ensure the existence of a perfect forecasting rules for second
moments. Let Vt [�] and Covt [�] denote the objective variance and covariance
operator conditional on the � -algebraF t . The correctness of second moment be-
liefs requires the subjective (block matrix) entries of thematrices � (2J )

t de�ned
in (48) to coincide with the corresponding objective moments, that is,

� (2J )
t; jj 0 = Covt [pt + j ; pt + j 0] ; j; j 0 = 1 ; : : : ; J; P � a.s. (63)

for all times t. Under the assumption that investors of type 2 use the unbiased
no-updating forecasting rule (61), Hillebrand & Wenzelburger (2006a) show that
the covariance structure of the asset prices as given in (62)takes a particularly
simple form.
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Lemma 4.1. Under the hypotheses of Proposition 4.1, assume that agentsof
type 2 use the unbiased no-updating forecasting rule (61). Then for each t 2 N
and eachj; j 0 = 1 ; : : : ; J , the covariance matrices of the associated asset prices
(62) are given by

Covt [pt + j ; pt + j 0] =

(
Et

�
A t + j Vt + j � 1[� t + j ]A t + j

�
for j = j 0;

0 for j 6= j 0:

Lemma 4.1 reveals that under unbiased no-updating, correlations between
prices of distinct periods are zero. Furthermore, it implies that the covariance
matrix of prices within each period t 2 N satis�es

Vt [pt +1 ] = A t +1 Vt [� t +1 ]A t +1

and
Et � 1

�
Vt [pt + j ]

�
= Vt � 1[pt + j ]; j = 1 ; : : : ; J � 1: (64)

As a consequence, under no-updating the correct covariancematrices for young
investors of type 2 must be of the form

� (2J )
t =

2

6
6
4

� (2)
t; 11 � � � 0
...

. . .
...

0 � � � � (2)
t;JJ

3

7
7
5 ; t 2 N (65)

with � (2)
t;jj 2 M k . It follows from (64) that the block matrix entries in (65) ha ve

to satisfy the consistency conditions

Et � 1
�
� (2)

t; jj

�
= � (2)

t � 1; ( j +1)( j +1) ; j = 1 ; : : : ; J � 1; t 2 N: (66)

Under no-updating, a perfect forecasting rule for second moments is now con-
structed as follows. In each periodt, choose (65) so that

� (2)
t; jj 0 =

(
� (2)

t � 1; ( j +1)( j +1) for j = j 0 < J;

0 for j 6= j 0;
(67)

implying that the consistency conditions (66) hold automatically. In view of
(56), the remaining matrix � (2)

t;JJ has then to be speci�ed in such a way that the

second moment belief �(2)
t � 1;11 formed in period t � 1 is correct, that is,

Vt � 1[pt ] � � (2)
t � 1;11 = A t Vt � 1[� t ]A t � � (2)

t � 1;11 = 0 : (68)

Clearly, if (68) holds for all times t, then it follows from (64) together with the
no-updating condition (67) that for each j = 1 ; : : : ; J;

Vt � j [pt ] = Et � j
�
Vt � 1[pt ]

�
= � (2)

t � 1; 11 = � (2)
t � j; jj ; t 2 N; (69)

such that all covariance matrices are correct. Thus the existence problem of
perfect forecasting rules for second moments is reduced to �nding symmetric
and positive de�nite solutions � (2)

t;JJ to (68).
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As in the one-period case, the existence proof is divided into two steps.
Firstly, �nd a symmetric positive de�nite matrix � t such that � � 1

t Vt � 1[� t ]�
� 1
t =

� (2)
t � 1;11. Secondly, setting

Ct :=

2

4
JX

j =1

a(1)

R j
f

C(1 j )
t

3

5

� 1

; (70)

for notational ease, the desired second moment and hence a perfect forecasting
rule for second moments is found if

� t � Ct � a(2)
J � 1X

j =1

jX

n =1

R2n � j
f � (2) � 1

t;nn (71)

is symmetric and positive de�nite. This result is summarized as follows.

Proposition 4.2. Under the hypotheses of Proposition 4.1, assume that in-
vestors of type2 use the unbiased no-updating forecasting rule (61). Suppose
that each � t � 1 := Vt � 1[� t ], t 2 N is positive, set

� t =
p

� t � 1

r � p
� t � 1 � (2)

t � 1;11

p
� t � 1

� � 1 p
� t � 1; t 2 N; (72)

and Ct , t 2 N be as de�ned in (70). Then the no-updating forecasting rule for
second moments	 (2)

2? , given by

� (2J )
t = 	 (2)

2?

�
� t � 1; � (1J )

t ; � (2J )
t � 1

�
; (73)

such that

� (2)
t; jj 0 :=

8
>>>>>><

>>>>>>:

0 for j 6= j 0;

� (2)
t � 1; ( j +1)( j +1) for j = j 0 < J;

a(2) RJ
f

2

4� t � Ct � a(2)
J � 1X

j =1

jX

n =1

R2n � j
f � (2) � 1

t � 1;(n +1)( n +1)

3

5

� 1

for j = j 0 = J;

provides correct second moments of the price process at datet in the sense that
(68) holds whenever (71) is positive de�nite.

As an immediate consequence of Proposition 4.2, Corollary 1in Hillebrand
& Wenzelburger (2006a) shows that perfect second moment beliefs under no-
updating generate zero autocorrelations between all assetprices of di�erent
periods within the planning horizon J . The covariance structure of the resulting
asset price process is

Covt [pt + j ; pt + j 0] =

(
Covt + j � 1[pt + j ; pt + j ]; if j = j 0

0; if j 6= j 0

for each j; j 0 = 1 ; : : : ; J and all times t 2 N.
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Note that the matrix � t as de�ned above is the same as for the one-period
case in Proposition 3.1. The key problem again is that a priori the r.h.s. of (73)
need neither be well de�ned nor positive de�nite such that a perfect forecasting
rule for second moments may not exist at all. However, if either all investors
agree upon constant subjective second moments or all type-1investors believe in
constant covariance matrices, then existence obtains. Corollary 4.1 establishes
existence in the �rst case, Corollary 4.2 in the second case.

Corollary 4.1. Let the hypotheses of Proposition 4.2 be satis�ed and assume, in
addition, that Vt � 1[� t ] � � is constant over time. Suppose that all investors have
homogeneous and constant second moment beliefs. Then the constant forecasting
rule

� (2)
t; jj 0 :=

(
(a� )2� � 1; if j = j 0

0; if j 6= j 0 for all j; j 0 = 1 ; : : : ; J; t 2 N

with

a := a(1) + a(2) and � :=
JX

j =1

jX

s=1

R2s� j
f (74)

provides correct second moments for all timest 2 N.

By Corollary 4.1 perfect homogeneous constant second moment beliefs are
proportional to the inverse of the covariance matrix of the noise-trader transac-
tions, where a is the aggregate risk tolerance of the economy.

Corollary 4.2. Let the hypotheses of Proposition 4.2 be satis�ed and assume,
in addition, that the following holds:

(i) The covariance matrix of the noise trader portfolios is constant over time
and of the form Vt � 1[� t ] � � for all times t 2 N.

(ii) All type- 1 investors use constant second moment beliefs and the matrix
� C with C � Ct as given in (70) is symmetric positive de�nite such that

� C = O> diag(� 1; : : : ; � K )O;

where all eigenvalues� 1; : : : ; � K are su�ciently large such that � k > 2�
a(2)

with � as de�ned in (74) and O> O = I K .

Then any constant forecasting rule of the form

� (2)
t; jj 0 :=

(
C O> diag(� �

1 ; : : : ; � �
K )O for j = j 0;

0 for j 6= j 0;
j; j 0 = 1 ; : : : ; J; t 2 N;

with eigenvalues� �
k given by

� �
k =

�
� k
2 � �a (2)

�
�

q � � k
2 � �a (2)

� 2
�

�
�a (2)

� 2
; k = 1 ; : : : ; K;

provides correct second moment beliefs for investors of type 2 for all times t.

Observe again that by Corollary 4.2, perfect forecasting rules for second
moments are not necessarily uniquely determined. The main informational con-
straint for applying the perfect forecasting rules (61) and(73) is again the fact
that the beliefs of investors are, in general, unobservablequantities.
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4.4 Portfolio holdings

The impact of di�erent planning horizons on the portfolio ho ldings of investors
is as follows. The �rst result concerns the portfolios of `rational' investors of
type 2 who are able to correctly predict the �rst two moments of the price pro-
cess. Using the representation (50) of the asset demand function, an immediate
consequence of Propositions 4.1 and 4.2 and their corollaries is the following
theorem.

Theorem 4.2. Let the hypotheses of Proposition 3.1 be satis�ed. Then the
portfolio holding in period t of a rational investor of type 2 with a planning
horizon of length j is

� (2 j ) (pt ; � (2 j )
t ; � (2 j )

t ) = a(2)
jX

s=1

1
R j � s

f

� (2) � 1
t;ss (� (2)

t;t + s � Rs
f pt );

where the beliefs(� (2 j )
t ; � (2 j )

t ) 2 RKj � M Kj are given by the no-updating fore-
casting rules from Propositions 4.1 and 4.2.

Theorem 4.2 states that the period-t portfolios of rational type-2 investors
are composed ofj + 1 mutual funds, j risky funds and the risk-free asset.

The second result concerns the case in which beliefs of investors are ho-
mogeneous. This �nding extracts the impact of di�erent plan ning horizons on
portfolios and prices as subjective beliefs depend only on the length j of a plan-
ning horizon. In particular, all investors within one cohort hold identical beliefs.
Dropping the index i , one may write (� ( j )

t ; � ( j )
t ) 2 RKj � M Kj for the beliefs

of cohort j , in period t instead of (� ( ij )
t ; � ( ij )

t ). If pt is the market-clearing price
of period t determined by (55), Hillebrand & Wenzelburger (2006a) refer to the
portfolio

x( j )
t :=

2X

i =1

� ( ij ) (pt ; � ( j )
t ; � ( j )

t ) = a
R j

f

� >
j � ( j ) � 1

t (� ( j )
t � � j pt ) (75)

as the aggregate generational portfolioof cohort j , where as beforea is the
aggregate risk tolerance of the economy. It is straightforward to obtain the
following (J + 1) -fund separation theorem.

Theorem 4.3. Let beliefs be homogeneous. Then the risky portfoliox( ij )
t held

by an investor (i; j ) after trading in period t 2 N is given by a constant share of
the aggregate generational portfolio (75) of cohortj , such that

x( ij )
t = a( i )

a x( j )
t :

This share is determined by the individual risk tolerancea( i ) relative to the
aggregate risk tolerancea.

Theorem 4.3 is a generalization of the two-fund separation theorem discussed
in Section 2 to the multiperiod planning-horizon case. Under homogeneous be-
liefs, each investor will hold a combination of the risk-free asset and a portfolio
(or mutual fund) of risky assets which depends on the length of her planning
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horizon. The portfolio of risky assets is a multiple of the corresponding gener-
ational portfolio rather than of the market portfolio xm . In view of Theorem
4.1, the J generational portfolios corresponding to di�erent planning horizons
will, in general, not be collinear. Therefore, even under homogeneous beliefs,
planning horizons of distinct lengths will lead to structur ally distinct portfolio
holdings and hence to trade among di�erent cohorts.

60
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15

0
0 325 650 975 1300

t

x(2)
t

(a) Young investors

60

45

30

15

0
0 325 650 975 1300

t

x(1)
t

(b) Middle-aged investors

Figure 4: Risky portfolios of rational investors, J = 2, K = 1.

In light of the preceding results the evolution of generational portfolios is
illustrated in Figure 4 by means of an example. The reader us referred to Hille-
brand & Wenzelburger (2006a,b) for further details. Suppose that only one risky
asset (K = 1) is traded between two investors who live for three consecutive
periods (J = 2). Investors have homogeneous rational expectations in the above
sense. The evolution of the generational portfolios illustrated in Figure 4 shows
the risky portfolios x( j )

t of young (j = 2) and middle-aged (j = 1) generations.
Throughout the whole time span displayed in the �gure, young investors hold
more of the risky asset than middle-aged investors, con�rming the intuition
stated earlier in this section that a longer planning horizon increases the in-
vestor's willingness to take risk. Moreover, young investors' portfolios 
uctuate
more than those of middle-aged ones, indicating that 
uctuations in asset prices
are to a large extend absorbed by the members of the young cohort. While these
phenomena appear to be numerically robust, a theoretical explanation is still
missing.

5 Non-Ergodic Asset Prices

An old conjecture which dates back to Alchian (1950) and Friedman (1953)
states that agents who do not learn to make accurate predictions about the
future will be driven out of the market. This conjecture is a main pillar of the
rational expectations paradigm, but has been repeatedly challenged in the recent
literature. In a series of papers, e.g., De Long, Shleifer, Summers & Waldmann
(1990, 1991) the capability of noise traders to survive in �nancial markets has
been analyzed. These results cover the static case with noisy errors only. In
the present context of a dynamic CAPM, Alchian and Friedman's conjecture
suggests that only those investors who hold e�cient portfolios in the sense of
Section 3.3 will survive in the long run as these attain the highest conditional
Sharpe ratios. A �rst simulation analysis in B•ohm & Wenzelb urger (2005),
however, suggests that an expert trader holding e�cient portfolios may not be
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identi�ed by consumers who select mediators on the basis of simple performance
indicators.

This section reports on results of Horst & Wenzelburger (2008) regarding
the asset-price dynamics of a variant of (43) in which investors have one-period
planning horizons. They demonstrate that the stochastic di�erence equation
(43) may display a path-dependentand hencenon-ergodic asymptotic behavior
which can be described by a combination of analytical and numerical meth-
ods. The analysis has been inspired by Blume & Easley (1992, 2002, 2006)
and Sandroni (2000) who analyze the question of whether markets favor ac-
curate predictions. It also relates to a series of investigations by Evstigneev,
Hens & Schenk-Hopp�e (2002, 2006, 2008) who investigate investment strategies
which prevail in a market. In all these models, however, the portfolio choices of
agents do not create a random environment as may be the case for the following
example.

For tractability, the following simpli�cations are made. T here are no divi-
dend payments and the noise trader portfoliosf � t gt 2 N are governed by anex-
ogenousi.i.d. process with mean �� and a non-degenerate covariance matrix �.
There is one type of consumer with initial endowment e > 0, risk aversion
� > 0, and with a choice behavior as described in Example 3.3. Themarket
is operated by two mediators, achartist i = 1 and an expert trader i = 2 with
rational expectations in the sense of Section 3.2. The pro�le of risk-adjusted
market sharesat =

� � t
� ; 1� � t

�

�
: at any date t is determined by the chartist's

market share � t 2 [0; 1].
The chartist is a trend chaser who applies a simpletechnical trading rule of

the form (44). The forecasts of theexpert trader are unbiased and determined by
an unbiased forecasting rule	 (2)

1? as given in (26). For simplicity, both mediators
are assumed to have correct beliefs on second moments. Sincethe covariance
matrix � is constant over time, these correct second momentsbeliefs are given
by

V ( i )
t �

�
1+ r f

�

� 2
� � 1; i = 1 ; 2; (76)

see Section 3.2. Since cum-dividend and ex-dividend pricescoincide, the system
of stochastic di�erence equations (43) which describes theevolution of asset
prices takes the form

8
>>><

>>>:

pt = q(2)
t � 1 + 1+ r f

� � � 1(� t � �� );

q(1)
t =

P N
n =1 D (n ) pt � n ;

q(2)
t = 1+ r f

1� � t
q(2)

t � 1 � � t
1� � t

q(1)
t + (1+ r f )2

(1 � � t ) � � � 1(xm � �� );

(77)

where the last equation is the unbiased forecasting rule (26). Setting

X t := ( q(2)
t ; q(2)

t � 1; pt ; : : : ; pt � N � 1) 2 Rd

with d = K (N + 4), the system of di�erence equations (77) takes the form

X t = A (� t )X t � 1 + B (� t ; � t ); t 2 N; (78)

where, by abuse of notation, thed � d coe�cient matrix A (� t ) and the vector
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B (� t ; � t ) 2 Rd corresponding to the representation (45) are given by

A (0) (� ) := 1+ r f

1� � I K ; A (n ) (� ) := � �
1� � D (n ) ; n = 1 ; : : : ; N;

B (0) (� ) := (1+ r f )2

(1 � � ) � � � 1 (xm � �� ); B (1) (� ) := 1+ r f

� � � 1 (� � �� ):

In order to guarantee long-run stability of (78), the charti st's market share
is restricted to a compact interval [� ; � ]. For any �xed market share � 2 [� ; � ],
the corresponding processf X �

t gt 2 N with market shares frozen at� is Markovian
and de�ned by the linear recursive relation

X �
t = A (� )X �

t � 1 + B (�; � t ); t 2 N: (79)

If Assumption 3.2 (i) is satis�ed, then each sequencef X �
t gt 2 N, � 2 [� ; � ] is

bounded and the di�erence equation (79) admits a unique stationary solution,
i.e., a unique stationary and ergodic processf x �

t gt 2 N that satis�es (79). For
any starting point x, the distributions � �

t of X �
t converge weakly to the distri-

bution � � of f x �
t gt 2 N as t ! 1 . The distribution � � is the unique stationary

distribution of the Markov process f X �
t gt 2 N.

5.1 Characterization of long-run equilibria

It turns out that the possible long-run equilibria of the mar ket, that is, the
possible limiting distributions of the sequencef X t gt 2 N generated by (78) can be
characterized by a �xed-point property. Numerical simulat ions suggest that the
long-run market shares settle down to constant values whichdepend on initial
conditions, the intensity of choice, and on the chosen random environment. For
this reason, it is sensible to start the analysis from the assumption that the
process of market sharesf � t gt 2 N converges almost surely ast ! 1 . To this
end, let � � (f ) denote the integral of a bounded function f with respect to the
distribution � � .

Theorem 5.1. Suppose that Assumption 3.2 is satis�ed and that the process
of market sharesf � t gt 2 N converges almost surely to some random variable� � .
Then the sequence of empirical averagesf %t gt 2 N as de�ned in (39) converges
almost surely weakly to a random limiting distribution. Speci�cally,

Prob
h

lim
t !1

%t (f ) = � � � (f )
i

= 1

for all bounded, continuous functionsf , where � � � is the stationary distribution
of the Markov processf X � �

t gt 2 N.

Theorem 5.1 implies that the distributions of f X t gt 2 N converge weakly to
a random limiting distribution provided that the sequence of market shares
settles down to a random limit in the long run. This result imp oses the following
consistency condition between long-run market shares and limiting distributions
of f X t gt 2 N. De�ne a map � : [� ; � ] ! RL by

� (� ) :=
�
� � (f (1) ); : : : ; � � (f (L ) )

�
(80)

which assigns to any �xed market share� the long-run empirical averageof the
corresponding Markov processf X �

t gt 2 N. The question of existence and unique-
ness of limiting distributions of f X t gt 2 N can now be reduced to two equivalent
�xed point conditions as follows.
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Corollary 5.1. Under the assumptions of Theorem 5.1, the random variable
� � takes values in the set of �xed points

E :=
�

� 2 [� ; � ] : 0 = F � � (� ) � �
	

;

whereF is the choice function de�ned in (42). The long-run empirical averages
of the processf X t gt 2 N are given by � (� � ) and take values in the set of �xed
points

S :=
�

z 2 RL : 0 = � � F (z) � z
	

:

Notice that � (� � ) is a random variable so that the possible long-run empirical
averages off X t gt 2 N are random. It is well known that the map � : [� ; � ] ! RL

is continuous but typically no analytical expressions are available, see Brandt
(1986). However, good numerical approximations of� may easily be obtained
by simulating the benchmark processesf X �

t gt 2 N, � 2 [� ; � ] as de�ned in (79).
As the choice functionF is analytically speci�ed, an accurate numerical approx-
imation of the sets E and S and thus of the possible long-run equilibria of (78)
is available.

5.2 Convergence to long-run equilibria

As the characterization result stated in Corollary 5.1 rests on the assumption
that the sequence of market sharesf � t gt 2 N converges to some random constant
� � , it remains to state conditions under which this assumption is satis�ed. If
the intensity of choice � is su�ciently small so that consumers are little inclined
to switch between mediators, it is intuitively clear that ma rket shares settle
down to a constant limit. It turns out, however, that this pro perty may be lost
and the limit is random if � is su�ciently large, re
ecting strong social interac-
tion between consumers. Social interactions may thus constitute an endogenous
source of randomness.

The evolution of prices, beliefs, and market shares can be analyzed by means
of an approximating ordinary di�erential equation. Recall that

zt =
�
%t (f (1) ); : : : ; %t (f (L ) )

�
2 RL

denotes the vector of empirical averages at timet. Using the choice function
(42), the stochastic di�erence equation (78) takes the form

(
X t = A

�
F (zt )

�
X t � 1 + B

�
F (zt ); � t

�
;

zt = t � 1
t zt � 1 + 1

t

�
f (1) (X t � 1); : : : ; f (L ) (X t � 1)

�
:

(81)

De�ne a map g : RL ! RL by setting

g(z) := � � F (z) � z:

The zeros of the mapg are given by the setS de�ned in Corollary 5.1, whereas
continuity of F and � implies continuity of g. With this notation, a well-known
stochastic approximation result found in Chapter 5 of Kushner & Yin (2003)
can be applied to yield the following result.

Theorem 5.2. Suppose that the mapg is Lipschitz continuous such that the
ordinary di�erential equation

_z = g(z) (82)
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admits a unique solution. Let S� := f �z1; : : : ; �zN g � S be the set of asymptoti-
cally stable steady states with corresponding basins of attraction DA (�zi ).

If the sequencef zt gt 2 N of empirical averages visits a compact subset of some
basin DA (�zi ) in�nitely often with probability p > 0, then the following holds:

(i) The sequencef zt gt 2 N converges to�zi with at least probability p, i.e.,

lim
t !1

jzt � �zi j = 0 with at least probability p:

(ii) The process of market sharesf � t gt 2 N converges with at least probabilityp
to a stationary value F (�zi ) 2 E with E as de�ned in Corollary 5.1.

Theorem 5.2 reduces the convergence properties of the assetprice process to
the asymptotic behavior of a deterministic ordinary di�ere ntial equation (82)
on the level of empirical averages. In particular, market shares converge almost
surely to some constant if (82) has a unique, globally asymptotically stable
steady state. In this case the corresponding asset price process is ergodic. If, on
the contrary, (82) admits multiple stable steady states, then ergodicity breaks
down and market shares along with asset prices converge to a random limit,
thus endogenously creating uncertainty. This phenomenon will be illustrated in
the following section.

5.3 Performance of e�cient portfolios

Common folklore suggests that a rational expert trader who has correct be-
liefs and hence holds e�cient portfolios as introduced in Section 3.3 will attain
larger market shares than a non-rational investor with incorrect beliefs such as
a chartist. However, it is intuitively clear that the expert trader will attract
more consumers only if the performance measures point at e�cient portfolios.
Otherwise, portfolios other than the e�cient portfolio app ear to perform better
and the non-rational investor attracts more consumers. Onereason why such a
scenario could indeed occur is that any performance measureinvolves empiri-
cal estimators which need not be consistent. The following simulation exercise
demonstrates that the chartist and the rational expert trad er often coexist in
the market.

Setting the risk-free rate to r f = 1%, the stability condition of (78) is sat-
is�ed if the chartist's market share � t is bounded from below by� = 6% and
from above by � = 36%. All empirical densities displayed below are calculated
using a sample ofN = 100; 000 independent repetitions. All simulation results
were generated by the software package Macrodyn.

Notice �rst that empirical distributions converge rather s lowly. Figure 5
displays the empirical densities of market shares afterT = 500 and T = 1000
periods, respectively. Hence the application of Theorem 5.2 is worthwhile.

5.3.1 Empirical returns as performance measures

When comparing the performance of only two mediators using empirical av-
erages of returns as in Example 3.1, it is best to use the di�erence zt =
%t (f (1) � f (2) ) with f ( i ) , i = 1 ; 2 as de�ned in the example. The ODE de�ning
map g is then one-dimensional. It is shown in Horst & Wenzelburger(2008)
that in this case the ODE (82) is topologically conjugate to an ODE _� = h(� )
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Figure 5: Empirical distributions of market shares for � = 2 and � 0 = 0 :355.

in terms of market shares, whereh : [� ; � ] ! R is a continuous function sat-
isfying h(� ) = h(� ) = 0. The conjugacy of the two ODEs means that their
qualitative behavior is the same, see Arrowsmith & Place (1994). Thus, the
long-run behavior of empirical averages is precisely described by the long-run
behavior of market shares. The functionh can be approximated using a numer-
ical approximation of � which is obtained by simulating the benchmark models
(79). As indicated in Figure 6(a), h has �ve steady states for � = 2: three in
the interior of the interval [ � ; � ] along with both of its boundary points.

0

� � �� 1� � 2� � 3�

h(� )

(a) Phase diagram of _� = h(� )

12.5

8.875

5.25

1.625

-2
0.05 0.1275 0.205 0.2825 0.36

�

(b) � = 0 :5 (red) and � = 2 (black)

Figure 6: Long run market shares: empirical average returns(a), Sharpe ratios
(b).

Using standard arguments of the theory of ODEs, the phase diagram of
the ODE in Figure 6(a) shows that all solutions converge to one of the two
asymptotically stable steady states, which are� 1� and � 3� . Their respective
basins of attraction are simply separated by the unstable steady state� 2� in the
middle. Translated into the stochastic behavior of (81), Theorems 5.1 and 5.2
guarantee convergence of both market shares and asset prices. The respective
limits, however, are not necessarily unique and will dependon the random noise-
trader transactions as well as on the initial market share� 0. Since the lowest
and the highest possible market share of the chartist are unstable under the
dynamics of the ODE, the long-run market share of the chartists will always
lie in the open interval (� ; � ). Setting aside that � and � have been set by the
modelers to ensure boundedness of the price processes, thismay be interpreted
as a situation in which both mediators will prevail in the mar ket.

A simulation study of (81) con�rms this intuition, demonstr ating that the
long-run market shares are indeed random. The probability with which they
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converge to the possible steady states depends both on the initial condition
� 0 and the intensity of choice � . Figure 7 shows the empirical distribution of
market shares afterT = 10; 000 periods forN = 100; 000 independent samples
of � T when chartists initially have a market share of 6:5% and 15%, respectively.
The densities will be concentrated around the two stable steady states of the
ODE in Figure 6(a), respectively.
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0
0.04 0.1208 0.2015 0.2823 0.363
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(a) Initial market share � 0 = 0 :065
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0
0.04 0.1208 0.2015 0.2823 0.363
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(b) Initial market share � 0 = 0 :15

Figure 7: Empirical distributions of market shares for average returns, � = 2.

5.3.2 Empirical Sharpe ratios as performance measures

The analysis of asymptotic market shares becomes more involved when the
performance of mediators is judged by comparing historicalSharpe ratios. In
this case the choice function (42) is no longer invertible, because the performance
measure as de�ned in Example 3.2 is based on a 4-dimensional vector zt 2 R4.
As a consequence, the evolution of the system is described bya 4-dimensional
ODE. The set of asymptotic market shares as given in Corollary 5.1 allows the
representation

E =
�

� 2 [� ; � ] : ' � 1(�; � ) = �� � � (� )
	

; (83)

where' � 1(�; � ) is the inverse of the logit function (41) and � (2) � � (1) = �� � � (� )
describes the stationary di�erence in Sharpe ratios of the two mediators. While
' � 1(�; � ) is analytically available, the map �� � � is again obtained by simulating
the benchmark models (79). Figure 6(b) indicates that the two functions in
(83) have three intersection points, provided that the intensity of choice � is
su�ciently large. The leftmost intersection point ( � = 2) is hardly visible but
exists because' � 1(�; 2) has two vertical asymptotes at � and � , respectively.
These intersection points characterize the possible long-run market shares of
the chartist for � = 2. If, however, the impact of the mediators' performances
is weak, i.e., if � is low enough such that ' � 1(�; � ) is su�ciently steep as for
� = 0 :5, then the possible limit is uniquely determined.

Simulations of the non-linear model (81) reveal again that the asymptotic be-
havior of market shares is random. The long-run market sharedepends strongly
on the intensity of choice and is sensitive to initial conditions. For � = 1, Figure
8 depicts the empirical densities afterT = 10; 000 periods which correspond to
an initial market share of � 0 = 6 :5% in panel (a) and for � 0 = 35:5% in panel
(b), respectively.

Similar observations are made for� = 2. In this case, however, the distribu-
tion of market shares may be bimodal. Figure 8 shows the empirical distribution
for � 0 = 6 :5% in panel (c) and for � 0 = 35:5% in panel (d). If � 0 = 6 :5%, then
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Figure 8: Empirical distributions of market shares for Sharpe ratios.

the chartist almost `dies out' in the sense that her long-run market share is
pushed to the leftmost �xed point. For � 0 = 35:5% the empirical distribution of
asymptotic market shares is bimodal with two peaks which areapproximately
located at the outer intersection points of the respective functions depicted in
Figure 6(b). If the chartist's initial market share is su�ci ently high, then she
will `survive' with positive probability. The bimodality d emonstrates that the
long-run market shares depend also on the speci�c history generated by the
noise trader transactions.

These two example show that the long-run market shares of two�nancial
mediators may strongly depend on the random environment of the market which
is created by the choice behavior of consumers. As a consequence, asset prices
may become non-ergodic as the price process converges in distribution with the
limiting distribution being path dependent. Economically , this result implies
that social interaction among consumers may endogenously create a risk which
leads to ine�cient portfolio holdings.

5.4 A boom and bust scenario

The previous scenario can be extended to one in which consumers have a two-
period planning horizon J = 2 and whose investment opportunities consist of
one risky (K = 1) and one risk-free asset as introduced in Section 4. Assume,
in addition, that young consumers may select between two mediators, a chartist
(i = 1) and an expert trader ( i = 2) who carry out their investment decision. To
insure boundedness of the price process, let the minimal andmaximal market
shares of the chartist be� = 0 and � = 0 :6, respectively. The intensity of choice
parameter is � = 0 :3. For further details we refer to Hillebrand & Wenzelburger
(2006b).

Figure 9 portrays time windows of the chartist's market share, the mediators'
forecast errors, asset prices and asset returns. The most prominent phenomenon

44



100

75

50

25

0
0 325 650 975 1300

pt

t

(a) Asset Prices

0.5

0.375

0.25

0.125

0
0 325 650 975 1300

Z t

t

(b) Trading volume

1

0.75

0.5

0.25

0
0 325 650 975 1300

� t

t

(c) Chartist's market shares

25

16.25

7.5

-1.25

-10
0 325 650 975 1300

e(1)
t; 1

t

(d) Chartist's one-period-ahead
forecast errors in %

0.05

0.025

0

-0.025

-0.05
0 325 650 975 1300

r t

t

(e) Asset returns

20

10

0

-10

-20
0 325 650 975 1300

e(1)
t; 2

t

(f) Chartist's two-period-ahead
forecast errors in %

Figure 9: Market shares, trading volume, prices, and forecast errors in a multi-
period case.

observed in Figure 9(a) is a sudden boom in asset prices within the time window
[600; 900], followed by a bust after which the price process continues to 
uctuate
about its initial level ( � 5). The time window displayed in Figure 9(c) shows
that the boom in asset prices is accompanied by a rapid decrease in the chartist's
market share which reaches a minimum at� 10%. After that, her market share
increases again and �nally returns to a constant level of� 45� 48%. Throughout
the entire time window in Figure 9(c) the chartist's market share takes values
below the 0:5-line and is thus lower than the expert's share. Asset returns in
Figure 9(e) exhibit the phenomenon of volatility clustering. The trading volume
per capita is depicted in Figure 9(b) showing that the boom isaccompanied by
a sudden increase in the trading volume, where the trading activity is slightly
delayed with respect to the price boom.

During the boom phase the chartist's relative forecast errors as displayed
in Figures 9(d) and 9(f) converge rapidly to about 10% and 0%,respectively,
which can be attributed to the increased level of asset prices during the boom.
In the bust phase after the price peak, the forecast errors increase again and
eventually 
uctuate within their initial ranges.

Due to the non-linearity of the system, the long-run behavior of generated
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Figure 10: Empirical distributions at T = 1500, � = 0 :3

processes is not necessarily ergodic. Hence one has to be careful when inferring
results from time averages rather than from averages over alternative sample
paths of the noise process. Empirical distributions in which the variable of
interest is evaluated for a random sample of 104 paths of the noise process
provide some con�rmation. Figure 10(a) shows that the long-run market shares
of the chartist in period T = 1500 are below 50% with positive probability.

Numerical evidence for the boom/bust scenario, is obtainedby evaluating
the random variable

� pT := max
0� t � T

�
jpt � pT j

	

which is an estimate of the price range until periodT. Its empirical distribution
for T = 1500 is displayed in Figure 10(b). The distribution has been generated
with 104 sample paths, where the initial asset price has been set top0 = 10.
From the shape of the distribution it can be inferred that the price peak as
displayed in Figure 10(b) occurs with positive probability. Finally, Figures 10(c)
and 10(d) display densities of the relative forecast errorsof the chartist. These

uctuate between � 7%, with a 10% bias of the one-period-ahead forecasts.

While Hillebrand & Wenzelburger (2006b) provide numerical evidence that
market shares freeze to constant values in the long run, the relative extreme
boom-bust scenario has not yet been reported for the one-period case. Given
the relatively low intensity of choice and the linearity of t he forecasting rules,
this leads to the conclusion that heterogenous planning horizons seem to have a
signi�cant potential to amplify booms and busts in models in which consumers
are allowed to switch between mediators. Whether price booms and busts follow
non-ergodic patterns remains an interesting research topic for the future.
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6 Conclusions

Choosing the traditional CAPM as starting point, we reviewed a fully explicit
dynamic CAPM with interacting heterogeneous agents. We carefully distin-
guished between atemporary equilibrium map describing the basic market mech-
anism of an asset market and aforecasting rule which models the way in which
an investor forms expectations. The combination of both components with a
model for exogenous perturbations stipulates an explicitly de�ned deterministic
dynamical system in a random environment. This provides a simple but gen-
eral framework for the investigation of endogenous processes of asset prices and
allocations of multiple risky assets which are driven by agents' characteristics.

Much emphasis was placed on a benchmark case in which one typeof in-
vestors has rational expectations while other market participants may have er-
roneous beliefs. This was achieved using the notion of aperfect forecasting rule
which allowed to generalize some of the fundamental concepts in traditional
�nance. The most central one was the notion of amodi�ed market portfolio
that accounts for diversity of beliefs. This portfolio is e� cient in the sense of
Markowitz and attains the highest possible conditional Sharpe ratios along any
price path. Introducing the concept of a generational portfolio for a multiperiod
setting, we showed that under homogeneous beliefs investors will hold a constant
proportion of distinct generational portfolios which correspond to the length of
their planning horizon. We also reviewed a multi-fund separation theorem.

When agents are allowed to switch between �nancial mediators, asset prices
may behave in a non-ergodic manner if their interactive complementarities are
too strong. In such cases price processes converge in distribution, but the lim-
iting distribution is path dependent. It was shown that a non -rational investor
such as a chartist may attain a larger market share than a rational expert who
may even be driven out of the market. In this sense social interaction between
agents may endogenously generate the risk to hold ine�cientportfolio as the
e�cient ones may not be identi�ed. Long-run market shares of �nancial medi-
ators depend signi�cantly on the random environment generated by the social
interaction. Finally, numerical evidence was provided that distinct planning
horizons may be responsible for volatility clustering in time series of returns (as
well as prices) and that they have an amplifying e�ect on booms and busts.

While a vast amount of ongoing research explores the dynamicbehavior of
asset prices, the insights of this survey point at several potentially fruitful re-
search topics. The �rst and perhaps most ambitious one is to extend the setup
with multiperiod planning horizons to a macroeconomic model by incorporat-
ing a real sector. This direction is pursued in Hillebrand (2008) who compares
alternative pension systems in a stochastic multiperiod overlapping generations
model with production. This model allows to address the question of how to
safeguard old-age consumption. His approach also allows for utility functions
with constant relative risk aversion and thus for an investigation of how en-
dogenous wealth processes and intertemporal consumption streams feed back
into an asset price process. The sequential nature of this approach should facil-
itate analytical investigations and help to reduce the complexity of numerical
computations that seem to become more and more popular, e.g., see K•ubler &
Schmedders (2005) or K•ubler (2007).

A second research issue is to incorporate richer structuresof securities such
as futures, derivatives, and securities with collaterals as for example in Magill
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& Quinzii (1996, 2000) or K•ubler & Schmedders (2003). Detemple & Selden
(1991) demonstrate that in a static general equilibrium, primary and derivative
asset markets, generically, interact. This result stands in contrast to the arbi-
trage pricing theory and seems to have been overlooked by theliterature so far.
An extension to a dynamic setup that allows to investigate the e�ects of option
markets on asset prices and allocations remains to be developed. Moreover,
research into future markets with applications to resourcemarkets such as the
oil market might prove to be fruitful. The third research iss ue is to incorporate
strategic interaction into this strand of models with inter acting agents. This
should contribute to a better understanding of how asset prices can be in
u-
enced by large investors and of the extent to which central banks are capable to
control exchange rates. Finally, an increasing amount of research is now being
undertaken to explore the stability of banking systems. Pyle (1971) is the �rst
who has linked Markowitz's portfolio theory to the theory of �nancial interme-
diation. However, the models developed from Pyle's approach are as most of the
models in the banking theory static, see Chapter 8 of Freixas& Rochet (1997).
Dynamic models that describe the interaction of commercialbanks remain to
be established.
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