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1 Introdu
tionInformation stru
tures generating an observable signal 
orrelated with an un-observable parameter or state of nature are widely used to study the role ofinformation in e
onomi
 models. However, the question of ordering di�erentinformation stru
tures is quite deli
ate and various 
on
epts of informative-ness have been developed (e.g. Bla
kwell (1951), Lehmann (1988) and Kim(1995)).In his seminal work Bla
kwell links the ordering of information stru
turesto a statisti
al su�
ien
y 
riterion. An information stru
ture P is said tobe more informative than a stru
ture Q if Q 
an be generated from P viaa sto
hasti
 transformation. This means, observing a signal from Q 
an beseen as a result of a garbled transmission of a signal of P . This 
riterionis very restri
tive but allows for the strong equivalen
e that every expe
tedutility maximizer will prefer a more informative stru
ture and vi
e versa. It
an also be 
losely linked to the inequality of in
ome distributions and theriskiness of lotteries as Nermuth (1992) points out. Jewitt (1997) shows the
onditions under whi
h the other 
on
epts mentioned above are subsequentlyweaker than Bla
kwell's.Re
ently, E
kwert and Zil
ha (2004) approa
h the ordering of informationstru
tures 
omparing the posterior state distributions. They regard an in-formation stru
ture as more informative if the posterior distribution is moresensitive with respe
t to 
hanges in the signal. This gives a very tra
table
riterion for a number of 
ir
umstan
es but is restri
ted to those informationstru
tures possessing the monotone likelihood ratio property. Stri
tly weakerin this 
ontext is the notion of informativeness used by Ganuza and Penalva(2006) whi
h 
ompares the distribution of the posterior distribution's meanin terms of dispersion.This paper fo
uses on the relationship between the 
riteria of Bla
kwell(1951) and E
kwert and Zil
ha (2004) as well as Ganuza and Penalva (2006)and 
lari�es it. For this purpose it is ne
essary to reformulate Bla
kwell's no-tion using posterior distribution fun
tions. Using an equivalent formulationby Mars
hak and Miyasawa (1968), it turns out that if an information stru
-ture is more informative in Bla
kwell's sense then every posterior distribution2



fun
tion is a 
onvex 
ombination of the posterior distribution fun
tions gen-erated by the alternative stru
ture. Although it is argued that the su�
ien
y
riterion implies a kind of higher dispersion of the posterior state distribu-tion with respe
t to the signal, it is shown that only in the spe
ial 
ase ofbinary information stru
tures, i.e. two states and two signals, the �rst 
on-
ept implies the other ones whi
h are in this 
ase equivalent. Beyond that,no more general in
lusion 
on
erning the relationship of the 
riteria holds.This highlights that relating results derived by the use of the two di�erentapproa
hes seems to be appropriate only in the binary 
ase.The paper is organized as follows. In se
tion 2 Bla
kwell's 
riterion and the
riteria of E
kwert and Zil
ha and Ganuza and Penalva are introdu
ed. Inse
tion 3 their relationship is analyzed. Con
luding remarks are given inse
tion 4. Some te
hni
al results are relegated to a separate appendix.2 Comparing Information Stru
turesBefore Bla
kwell's 
riterion is presented and dis
ussed, the used notion ofan information stru
ture is shortly introdu
ed. This is 
omplemented by thegeneration of the posterior state distributions using Bayes's theorem.The underlying un
ertain situation is as follows. Tomorrow, nature will
hoose one out of n possible states denoted by ωi ∈ R, i = 1, ..., n. A prioribeliefs of tomorrow's state of nature are represented by probabilities πi > 0with ∑n

i=1
πi = 1 and π = (π1, ..., πn).Now, assume that there are two alternative information stru
tures P and

Q, represented by row-sto
hasti
1 matri
es [Pij]n×mP
and [Qik]n×mQ

. Thesignals of P are denoted by yj ∈ R, j = 1, ..., mP . Pij is the 
onditionalprobability of re
eiving signal yj given state ωi. Corresponding notation isused for Q. The a priori o

urren
e probabilities for the signals are
p∗j =

∑

i

πiPij and q∗k =
∑

i

πiQik (1)with notation p∗ = (p∗
1
, ..., p∗mP

) and q∗ = (q∗
1
, ..., q∗mQ

). It is assumed that
p∗j > 0 and q∗k > 0 for j = 1, ..., mP and k = 1, ..., mQ sin
e any signal o

ur-1A matrix is row-sto
hasti
 if all entries are non-negative and sum to one in ea
h row.3



ring with zero probability 
an obviously be removed from the stru
ture.After observing a signal from an information stru
ture, the a priori proba-bility beliefs 
an be revised using Bayes's theorem and the a posteriori prob-ability of state ωi given signal yj re
eived from stru
ture P is denoted by
P ∗

ji. With analogous de�nitions for Q, one gets two row-sto
hasti
 matri
es
[P ∗

ji]mP×n and [Q∗
ki]mQ×n given by

P ∗
ji =

πiPij

p∗j
and Q∗

ki =
πiQik

q∗k
. (2)These are well de�ned sin
e every signal will o

ur with at least some positiveprobability by assumption.2.1 The Criterion of Bla
kwellIn order to 
ompare information stru
tures Bla
kwell (1951) formalizes thefollowing intuitive idea. If the transmission of a signal generated by an infor-mation stru
ture is garbled by a sto
hasti
 transformation un
orrelated withthe true state of nature it loses informativeness. Therefore he regards an in-formation stru
ture as more informative than an alternative stru
ture if thelatter 
an be generated from the former by adding some random transmissionerror un
orrelated with the true state of nature.De�nition 1 (Bla
kwell 1951) Information stru
ture P is more informativethan Q, P ≻i Q, if and only if there exists a row-sto
hasti
 matrix Γ =

[γjk]mP ×mQ
, su
h that

Q = PΓ. (3)That is Qik =
∑

j Pijγjk, so that γjk 
an be interpreted as the 
onditionalprobability that when signal yk is re
eived from Q signal yj was a
tually sentby P . Obviously, a transformation matrix Γ does not exist for every pair ofinformation stru
tures su
h that (3) holds. Therefore the 
riterion imposesonly a partial ordering on the set of information stru
tures. De�nition 1 
anbe equivalently stated using the posterior matri
es as follows.Proposition 1 (Mars
hak and Miyasawa 1968) Information stru
ture P ismore informative than Q if and only if there exists a row-sto
hasti
 matrix4



Γ∗ = [γ∗
kj]mQ×mP

, su
h that the two following 
onditions are satis�ed:
(i) Γ∗P ∗ = Q∗ (4)

(ii) p∗ = q∗Γ∗ (5)Let P ∗
j and Q∗

k denote the jth and kth rows of P ∗ and Q∗, i.e. the a posterioridistributions 
onditional on yj and yk, respe
tively. Condition (i) 
an thenbe written as
Q∗

k =
∑

j

γ∗
kjP

∗
j (6)for all k = 1, ..., mQ. This means that the a posteriori distribution indu
edby observing signal yk from information stru
ture Q is a 
onvex 
ombinationof the a posteriori distributions indu
ed by the signals of stru
ture P . Foran individual state of nature ωi this gives

Q∗
ki =

∑

j

γ∗
kjP

∗
ji. (7)Condition (i) alone is not su�
ient for P ≻i Q in general, although statedin Bielinska-Kwapisz (2003). Condition (ii) is needed to show that the 
on-stru
ted garbling matrix Γ in line with (3) is in fa
t row-sto
hasti
. Moreover,this 
an be interpreted as 
ondition (ii) assuring that the given posterior ma-tri
es are 
onsistent with being generated from the same a priori distribution.To see this, note that the prior 
an be 
al
ulated from the posteriors and sig-nal o

urren
e probabilities by p∗P ∗ and q∗Q∗, respe
tively. Conditions (i)and (ii) then imply p∗P ∗ = q∗Γ∗P ∗ = q∗Q∗.Condition (i) of proposition 1 
an equivalently be stated using the 
ondi-tional distribution fun
tions generated by the two information stru
tures.This will be useful for the 
omparison of the su�
ien
y 
riterion with theother 
riteria. It is assumed without loss of generality that ωk > ωl if k > l.Let F (ωi|yj) then denote the distribution fun
tion 
onditional on signal yjfrom P evaluated at ωi, i.e. for all i = 1, ..., n and j = 1, ..., mP it is given by

F (ωi|yj) =

i
∑

l=1

P ∗
jl. (8)

G(ωi|yk) is the analogous term for a signal yk generated by stru
ture Q.5



Lemma 1 There exists a row-sto
hasti
 matrix Γ∗ = [γ∗
kj]mQ×mP

, su
h that
Γ∗P ∗ = Q∗ if and only if for all i = 1, ..., n and k = 1, ..., mQ

G(ωi|yk) =
∑

j

γ∗
kjF (ωi|yj). (9)Proof: Suppose Γ∗P ∗ = Q∗ for su
h a Γ∗. Thus from (8) follows

G(ωi|yk) =
∑

l≤i

Q∗
kl =

∑

l≤i

∑

j

γ∗
kjP

∗
jl =

∑

j

γ∗
kj

∑

l≤i

P ∗
jl =

∑

j

γ∗
kjF (ωi|yj).(10)Now, suppose (9) is true. For i = 1 one gets

Q∗
k1

= G(ω1|yk) =
∑

j

γ∗
kjF (ω1|yj) =

∑

j

γ∗
kjP

∗
j1 (11)and for 1 < i ≤ n it follows

Q∗
ki = G(ωi|yk) − G(ωi−1|yk) =

∑

j

γ∗
kj [F (ωi|yj) − F (ωi−1|yj)] =

∑

j

γ∗
kjP

∗
ji.(12)Thus, (7) holds for all i = 1, ..., n and Γ∗P ∗ = Q∗ is shown. �Combined with proposition 1 the following equivalent formulation of thesu�
ien
y 
riterion 
an now be made.Proposition 2 Information stru
ture P is more informative than Q if andonly if there exists a row-sto
hasti
 matrix Γ∗ = [γ∗

kj]mQ×mP
su
h that thefollowing two 
onditions are satis�ed:

(i) ∀i = 1, ..., n : G(ωi|yk) =
∑

j

γ∗
kjF (ωi|yj) (13)

(ii) p∗ = q∗Γ∗ (14)Proof: Immediate 
onsequen
e of proposition 1 and lemma 1. �This equivalent formulation of Bla
kwell's su�
ien
y 
riterion using posteriordistribution fun
tions seems not to be very well suited for appli
ation. To �nda more tra
table 
hara
terization of informativeness in terms of the posteriorstate distributions, a 
loser look on their generation by the use of Bayes'stheorem in (2) seems to be an appropriate way to 
ontinue.6



2.2 The Generation of State PosteriorsThe Bayesian belief-revision pro
ess is illustrated in �gure 1. For a 
onve-nient graphi
al representation a 
ontinuous rather than dis
rete state spa
eis assumed, running from a lower limit ω = 0 to an upper limit ω = ω̄. Inall diagrams π is the given a priori probability density fun
tion, depi
ted bythe bla
k line.
ω

Q∗
1ω

π

Qω1

π

ω

Q∗
2ω

Qω2

(a) Signal y1 observed (b) Signal y2 observed
0 0ω̄ ω̄

ω

P ∗
1ω

π

Pω1

π

ω

P ∗
2ω

Pω20 0ω̄ ω̄Figure 1: Bayesian revision of probability beliefs.Now, 
onsider an information stru
ture Q and two alternative signals y1 and
y2. As depi
ted by the dashed lines, the �rst signal has a mu
h greater like-lihood Qω1 if the true state of nature is relatively low (upper left diagram),while the likelihood Qω2 of the latter signal is greater for higher states (up-per right diagram). Starting from the same a priori probability distributionin both panels, the di�ering likelihood 
urves lead to di�ering a posterioriprobability density fun
tions. As depi
ted in ea
h panel, the dotted posteriordistributions Q∗

1ω and Q∗
2ω, respe
tively, are a kind of 
ompromise or averageof the two other 
urves.22For a detailed dis
ussion see Hirshleifer and Riley (1992).7



What in�uen
e does the informativeness of the underlying information stru
-ture have on this pro
ess? Consider an alternative information stru
ture Pwhi
h is more informative than stru
ture Q. The greater mass of informationis re�e
ted in a `tighter' likelihood 
urve as depi
ted in the lower left andright diagrams. Therefore, if the information 
ontained in the observed sig-nal be
omes more informative, the a priori probability distribution has lessin�uen
e on the posterior's shape and the state posteriors tend more towardsthe likelihoods. This means the observed signal has a greater impa
t on theposteriors, i.e. they are more `dispersed' with respe
t to the signal. For ex-ample, 
onsider the 
ase of a totally uninformative and a fully informativeinformation stru
ture. In the �rst 
ase, sin
e the signal distribution does notdepend on the true state of nature, the posterior distribution will not dependon the observed signal. In the se
ond 
ase, every signal reveals a 
ertain stateof nature to be the true one and the posterior distribution 
on
entrates allprobability at this state.That this 
hara
terization of informativeness in terms of a higher dispersionwith respe
t to the observed signal seems to be in line with Bla
kwell's no-tion is supported by the following fa
t whi
h is an obvious impli
ation ofproposition 2.Lemma 2 If information stru
ture P is more informative than Q then forevery i = 1, ..., n

min
j

F (ωi|yj) ≤ min
k

G(ωi|yk) ≤ max
k

G(ωi|yk) ≤ max
j

F (ωi|yj). (15)For any �xed state of nature ωi the minimum and maximum of the posteriordistribution fun
tion of the more informative information stru
ture are moredispersed and therefore this posterior distribution 
overs a broader range ofvalues. Obviously, this is only a weak impli
ation. Hen
e, the question ariseswhat a more pre
ise 
hara
terization of Bla
kwell's su�
ien
y 
riterion interms of the dispersion of the posterior state distributions with respe
t tothe observed signal looks like and if this 
ould be the 
riteria presented next.
8



2.3 Sensitivity CriteriaE
kwert and Zil
ha (2004) use a ranking 
riterion for information stru
turesbased on the sensitivity of the posterior distribution fun
tion with respe
t toa 
hange in the observed signal. A stri
tly weaker 
riterion 
omparing thedispersion of the posterior distribution's mean is proposed by Ganuza andPenalva (2006). Both 
riteria will be presented in the following. The ques-tion in whi
h 
ases this kind of sensitivity is a
tually a ne
essary or su�
ient
ondition for more informativeness in the sense of Bla
kwell is answered inse
tion 3.To have a suitable stru
ture on the set of signals, attention is now restri
tedto information stru
tures satisfying the monotone likelihood ratio property(MLRP): ys > yt implies that for every nondegenerate a priori distributionthe posterior distribution 
onditional on ys dominates the posterior distribu-tion 
onditional on yt in the sense of �rst order sto
hasti
 dominan
e (Mil-grom 1981). For 
onvenien
e and without loss of generality it is assumedthat ys > yt if s > t. Furthermore, it assumed that mP = mQ, i.e. theinformation stru
tures have the same number of potential signals. Withoutloss of generality the signal sets will therefore be taken to be identi
al.E
kwert and Zil
ha regard an information stru
ture as more informative ifthe posterior state distribution is more sensitive with respe
t to 
hanges inthe signal. This means that the observable signal realizations have a uni-formly stronger impa
t on the a posteriori distribution of states. Instead ofusing derivatives, a dis
rete version of their 
on
ept is given below.De�nition 2 (Signal-Sensitivity) Information stru
ture P is said to be moresignal-sensitive than Q, denoted P ≻ss Q, if and only if for all ωi and all
ys > yt

G(ωi|yt) − G(ωi|ys) ≤ F (ωi|yt) − F (ωi|ys). (16)Ganuza and Penalva use the expe
ted value of the posterior distributionsfor the 
omparison of information stru
tures rather than the whole distribu-tions. Therefore denote by W P (ys) the mean of the posterior distribution
onditional on signal ys of information stru
ture P and let W Q(ys) be theanalogous term for stru
ture Q.Sin
e the generation of a signal 
an be seen as a random variable Y so 
an9



the expe
ted value 
onditional on it. Intuitively, under an information stru
-ture with more informative signals the distribution of the updated expe
tedvalue will be
ome more spread out. For example, with a totally uninfor-mative stru
ture the distribution will be 
on
entrated at the expe
ted valueand for a stru
ture representing perfe
t information it will be the a prioridistribution. Ganuza and Penalva regard an information stru
ture as moreinformative if the distribution of W P (Y ) is more Bi
kel-Lehmann disperse3than the distribution of W Q(Y ). Using the notion of supermodularity the
riterion is as follows.De�nition 3 (Ganuza and Penalva 2006) The information stru
ture P ismore informative in terms of supermodular-pre
ision than information stru
-ture Q, denoted P ≻sm Q, if and only if for all ys > yt

W P (ys) − W P (yt) ≥ W Q(ys) − W Q(yt). (17)The following result 
on
erning the relationship of signal-sensitivity andsupermodular-pre
ision is proved in an earlier version of Ganuza and Pe-nalva (2006). As already mentioned above, it states that the former 
on
eptis more restri
tive than the latter one.Proposition 3 If information stru
ture P is more signal-sensitive than Qthen P is more informative in terms of supermodular-pre
ision than Q.3 Relating the CriteriaThe following results 
larify the relation of Bla
kwell's su�
ien
y 
riterionand the 
riteria of signal-sensitivity and supermodular-pre
ision. The 
ase ofbinary information stru
tures will turn out to be of spe
ial importan
e. The�rst result below is already shown in the appendix of Ganuza and Penalva(2006).3A random variable X with 
umulative distribution fun
tion F is more disperse in thesense of Bi
kel and Lehmann (1976) than another random variable Y with 
umulativedistribution fun
tion G if for all u, v ∈ [0, 1] with u < v

F−1(v) − F−1(u) ≥ G−1(v) − G−1(u).10



Proposition 4 P ≻i Q does not ne
essarily imply P ≻sm Q.Having in mind that, a

ording to proposition 3, signal-sensitivity as a rank-ing 
riterion is more restri
tive than supermodular-pre
ision, this result al-lows to draw qui
kly a 
on
lusion 
on
erning the relationship of Bla
kwell's
riterion and the sensitivity 
riterion.Proposition 5 P ≻i Q does not ne
essarily imply P ≻ss Q.Proof: Suppose P ≻i Q implies P ≻ss Q. Then, using lemma 3, P ≻sm Qwould follow from P ≻i Q. A 
ontradi
tion to proposition 1. �Thus the 
on
epts of signal-sensitivity and supermodular-pre
ision do not
hara
terize Bla
kwell's notion of informativeness in general. However, if at-tention is restri
ted to the 
ase of binary information stru
tures the situation
hanges. Below it will be shown that in this set of information stru
tures
P ≻i Q in fa
t implies P ≻ss Q.Note, that in the 
ase of two states of nature and two signals the signal-sensitivity 
ondition (16) is equivalent to just the following inequality

G(ω1|y1) − G(ω1|y2) ≤ F (ω1|y1) − F (ω1|y2), (18)i.e. an information stru
ture is more signal-sensitive if and only if a signal
hange has a greater impa
t on the posterior probability for state ω1. Thisfa
t is used to prove the following result.Proposition 6 If P and Q are binary information stru
tures then P ≻i Qimplies P ≻ss Q.Proof: Suppose P ≻i Q. If information stru
ture Q is totally uninformative,the posteriors indu
ed by its two signals are identi
al and therefore (18) isobviously satis�ed sin
e G(ω1|y1) − G(ω1|y2)=0.4Now let Q not be a totally uninformative stru
ture, i.e. its posteriors are notidenti
al. Using 
orollary 2 and the fa
t that the matrix Γ∗ is row-sto
hasti
4Note that due to the MLRP both sides in (18) are non-negative.
11



one gets
G(ω1|y1) − G(ω1|y2) =

2
∑

j=1

[

γ∗
1j − γ∗

2j

]

F (ω1|yj) (19)
= [γ∗

11
− γ∗

21
] F (ω1|y1) + [γ∗

12
− γ∗

22
]F (ω1|y2)

= [γ∗
11

+ γ∗
22
− 1] F (ω1|y1) − [γ∗

11
+ γ∗

22
− 1] F (ω1|y2)

= [γ∗
11

+ γ∗
22
− 1] [F (ω1|y1) − F (ω1|y2)]Due to the MLRP the posterior distributions are ordered in the sense of �rstorder sto
hasti
 dominan
e, as already mentioned. In the binary 
ase this isequivalent to the posterior matri
es having tra
e greater than or equal to one.Now, the posteriors of Q are not identi
al by assumption and sin
e P ≻i Qthe posteriors of P are not identi
al, too, whi
h is an obvious impli
ationof 
ondition (i) in proposition 2. Therefore the inequality is stri
t, i.e. theposterior matri
es have tra
e greater than one.Sin
e the sto
hasti
 matri
es possessing this property form a group (see theappendix for details) and Q∗ = Γ∗P ∗ by Lemma 1 the transformation matrix

Γ∗ is of this type as well and also unique (Ma
 Lane and Birkho� 1967,p. 77). Thus 0 < γ∗
11

+ γ∗
22
− 1 ≤ 1 and this leads to

[γ∗
11

+ γ∗
22
− 1] [F (ω1|y1) − F (ω1|y2)] ≤ F (ω1|y1) − F (ω1|y2). (20)Combine (19) and (20) to get

G(ω1|y1) − G(ω1|y2) ≤ F (ω1|y1) − F (ω1|y2), (21)i.e. (18) is satis�ed and therefore P ≻ss Q is shown. �Proposition 6 shows that for the 
omparison of binary information stru
turesthe Bla
kwell 
riterion is more restri
tive than the signal-sensitivity 
riterion.But this result is only true for this spe
ial 
ase as is shown next.Proposition 7 The assumption of binary information stru
tures is ne
es-sary for proposition 6 to hold.
12



Proof: Consider a 
ase of three states of nature and three signals.5 Let thea priori distribution be given by
π =

(

1

4
,
1

4
,
1

2

) (22)and the information stru
tures be represented by the matri
es
P =







1

2

1

2
0

0 1

2

1

2

0 0 1






and Q =







1

2

3

4
0

0 3

4

1

4

0 1

2

1

2






. (23)Both possess the MLRP and P ≻i Q, be
ause Q = PΓ holds for the matrix

Γ =







1

2

1

2
0

0 1 0

0 1

2

1

2






. (24)The signal o

urren
e probabilities are

p∗ =

(

1

8
,
1

4
,
5

8

) and q∗ =

(

1

16
,
5

8
,

5

16

) (25)and the posterior state distributions are given by
P ∗ =







1 0 0
1

2

1

2
0

0 1

5

4

5






and Q∗ =







1 0 0
3

10

3

10

2

5

0 1

5

4

5






. (26)The posterior state distributions rea
t to a 
hange in the signal as follows:

F (ω1|y1) − F (ω1|y2) = 0.5 < 0.7 = G(ω1|y1) − G(ω1|y2)

F (ω2|y1) − F (ω2|y2) = 0.0 < 0.4 = G(ω2|y1) − G(ω2|y2) (27)
F (ω1|y2) − F (ω1|y3) = 0.5 > 0.3 = G(ω1|y2) − G(ω1|y3)

F (ω2|y2) − F (ω2|y3) = 0.8 > 0.4 = G(ω2|y2) − G(ω2|y3)5It su�
es to show the 
laim for this 
ase. A 
ounterexample for any higher numberof states and signals 
an easily be 
onstru
ted by indu
tion. Just add a row and a 
olumnto the matri
es P and Q with one additional entry, all entries zero but the last one. Thiswill not 
hange (27). Repeat this a su�
ient number of times.13



Having de�nition 2 in mind, neither P ≻ss Q nor Q ≻ss P holds. �Propositions 6 and 7 state that in the binary 
ase Bla
kwell's 
riterion isstronger than the signal-sensitivity 
riterion and that this impli
ation holdsonly for the binary 
ase. The relation of Bla
kwells 
riterion and the 
on
eptof supermodular-pre
ision is exa
tly the same sin
e regarding only binaryinformation stru
tures de�nitions 2 and 3 
oin
ide.Proposition 8 In the binary 
ase P ≻ss Q if and only if P ≻sm Q.Proof: P ≻ss Q implies P ≻sm Q a

ording to proposition 3 in general. Ob-serving that due to P ≻ss Q being equivalent to (18), de�nition 2 generates a
omplete ordering on the set of binary information stru
tures. Thus, in this
ase the two 
on
epts have to be equivalent.6 �Hen
e, propositions 6 and 7 in light of proposition 8 dire
tly lead to thefollowing relation of su�
ien
y and supermodular-pre
ision.Proposition 9 Only in the binary 
ase P ≻i Q implies P ≻sm Q.Up to now it was stated that a more informative binary information stru
-ture is more informative in terms of signal-sensitivity as well as in terms ofsupermodular-pre
ision. But, as shown by a 
ounterexample below, a moresignal-sensitive information stru
ture need not be more informative in thesense of Bla
kwell, not even in the binary 
ase.Proposition 10 P ≻ss Q does not ne
essarily imply P ≻i Q. This holds evenfor the binary 
ase.Proof: Consider the binary information stru
tures given by7
P =

(

0.75 0.25

0.4 0.6

) and Q =

(

0.6 0.4

0.3 0.7

)

. (28)6Of 
ourse, the equivalen
e of 
onditions (16) and (17) 
an also be shown dire
tly.7It su�
es to 
onstru
t a 
ounterexample for the binary 
ase for the same reason asgiven in footnote 5. 14



The stru
tures 
annot be 
ompared in the sense of Bla
kwell, i.e. neither
P ≻i Q nor Q ≻i P . This is easy to 
he
k using the 
riterion's 
hara
teriza-tion for the binary 
ase (see lemma 3 in the appendix).Now, set π = (1/2, 1/2) for the a priori distribution.8 Straightforward 
al
u-lation leads to

G(ω1|y1) − G(ω1|y2) =
2

3
−

4

11
≤

15

23
−

5

17
= F (ω1|y1) − F (ω1|y2). (29)Thus, 
ondition (18) holds and so P is more signal-sensitive than Q. �Using again the equivalen
e of signal-sensitivity and supermodular-pre
isionin the binary 
ase, proposition 10 dire
tly gives the following.Proposition 11 P ≻sm Q does not ne
essarily imply P ≻i Q. This holdseven for the binary 
ase.The set of pairs of binary information stru
tures 
omparable in the sense ofBla
kwell is therefore a proper subset of the set of pairs 
omparable by theequivalent 
riteria of signal-sensitivity and supermodular-pre
ision and theordering is preserved. That means, in the binary 
ase the Bla
kwell 
riterionis stri
tly stronger than the two other 
riteria. This relation of the three
on
epts is summarized in the following.Corollary 1 If P and Q are binary information stru
tures the 
riteria arerelated as follows:

P ≻i Q ⇒
: P ≻ss Q ⇔ P ≻sm Q (30)4 Con
luding RemarksTo answer the question what `more information' in terms of informationstru
tures means several notions of informativeness have been developed.Bla
kwell's (1951) prominent su�
ien
y 
riterion is widely used but quiterestri
tive and subsequently weaker 
riteria have been used in e
onomi
 ap-pli
ations.8A
tually, it is possible to take any a priori distribution for the 
ounterexample to hold.15



A more re
ent approa
h to 
ompare information stru
tures based on the sen-sitivity of the posterior state distributions with respe
t to 
hanges in thesignal has been followed by E
kwert and Zil
ha (2004). Closely related is thework of Ganuza and Penalva (2006).The relationship between the 
on
epts of Bla
kwell, E
kwert and Zil
ha aswell as Ganuza and Penalva has been studied in this paper. For this purposeBla
kwell's 
riterion was equivalently formulated using posterior distributionfun
tions. It turned out that only in the 
ase of binary information stru
turesthe Bla
kwell 
riterion implies the other ones whi
h are in this 
ase equiva-lent. In general there is no in
lusion. Therefore relating results derived bythe use of the two di�erent approa
hes seems to be appropriate only in the
ontext of the binary 
ase.The aim of further analysis should be to �nd a more suitable formalizationof dispersion with respe
t to the observed signal to 
hara
terize more generalBla
kwell's notion of informativeness the way dis
ussed in se
tion 2.2 withthe generation of state posteriors.A AppendixA.1 Binary Information Stru
turesIn the 
ase of binary information stru
tures, the number of states of natureand signals is set to two. Su
h an information stru
ture 
an be representedby the matrix
P =

(

p1 1 − p1

1 − p2 p2

) (31)with 0 ≤ p1, p2 ≤ 1. Moreover, it su�
es to restri
t the parameter values to
p1 + p2 ≥ 1, (32)be
ause, if not the 
ase, (32) is a
hievable by simply re
oding the signalindex. It should be noted that this assumption is equivalent to P satisfyingthe MLRP.

16



Lemma 3 (Nermuth 1982) Let P and Q be two binary information stru
-tures satisfying (32). P ≻i Q if and only if the following two 
onditions hold:
(1 − p1)q2 ≤ p2(1 − q1)

(1 − p2)q1 ≤ p1(1 − q2)
(33)To get an insight to these 
onditions, suppose all entries in P and Q arenon-zero, i.e. in both states there is for both signals at least a small proba-bility to o

ur. Then (33) 
an be rearranged to

q2

1 − q1

≤
p2

1 − p1

and q1

1 − q2

≤
p1

1 − p2

. (34)Hen
e, under the more informative stru
ture P the probability ratio of get-ting signal y1 given state ω1 and ω2, respe
tively, is greater than under Q.The same holds for the probability ratio of getting signal y2 given state ω2and ω1, respe
tively. This means that the ratio of observing a signal whenthe 
orresponding and not 
orresponding state prevails is uniformly higherfor the more informative stru
ture.A.2 The Sto
hasti
 GroupPoole (1995) points out that the set of non-singular sto
hasti
 n × n ma-tri
es together with standard matrix multipli
ation form a subgroup of thegeneral linear group GL(n). Note that in this 
ontext sto
hasti
 does notimply non-negative as asso
iated with the term row-sto
hasti
 throughoutthe paper. Here it is just needed that all entries in a row sum to one. Let
M be the set of all sto
hasti
 2× 2 matri
es with tra
e greater than one, i.e.totally uninformative information stru
tures, 
hara
terized by p1 + p2 = 1,i.e. identi
al 
onditional signal distributions, will not be 
onsidered.Lemma 4 The set M together with standard matrix multipli
ation is a sub-group of the sto
hasti
 group.Proof: Obviously, M is a subset of the set of non-singular sto
hasti
 2 × 2matri
es and I ∈ M for I denoting the identity matrix. For P, Q ∈ M theprodu
t PQ is also an element of M , be
ause

trace(PQ) = 1 − (p1 + p2) + 1 − (q1 + q2) + (p1 + p2)(q1 + q2)

= 1 + [(p1 + p2) − 1] [(q1 + q2) − 1] > 1, (35)17



i.e. M is 
losed under multipli
ation. For any P ∈ M one gets
trace(P−1) =

p1 + p2

p1 + p2 − 1
> 1 (36)and therefore P−1 ∈ M . Thus M together with standard matrix multipli
a-tion is a subgroup of the sto
hasti
 group. �
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