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Abstract

The paper studies the relationship between two approaches for ranking
information structures: Blackwell’s sufficiency criterion and two crite-
ria based on the sensitivity of the posterior state distributions with
respect to changes in the signal. For this purpose Blackwell’s criterion
is reformulated using posterior distribution functions. It is shown that
only in the case of binary information structures the former concept

implies the latter ones and in general there is no inclusion.
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1 Introduction

Information structures generating an observable signal correlated with an un-
observable parameter or state of nature are widely used to study the role of
information in economic models. However, the question of ordering different
information structures is quite delicate and various concepts of informative-
ness have been developed (e.g. Blackwell (1951), Lehmann (1988) and Kim
(1995)).

In his seminal work Blackwell links the ordering of information structures
to a statistical sufficiency criterion. An information structure P is said to
be more informative than a structure @ if () can be generated from P via
a stochastic transformation. This means, observing a signal from () can be
seen as a result of a garbled transmission of a signal of P. This criterion
is very restrictive but allows for the strong equivalence that every expected
utility maximizer will prefer a more informative structure and vice versa. It
can also be closely linked to the inequality of income distributions and the
riskiness of lotteries as Nermuth (1992) points out. Jewitt (1997) shows the
conditions under which the other concepts mentioned above are subsequently
weaker than Blackwell’s.

Recently, Eckwert and Zilcha (2004) approach the ordering of information
structures comparing the posterior state distributions. They regard an in-
formation structure as more informative if the posterior distribution is more
sensitive with respect to changes in the signal. This gives a very tractable
criterion for a number of circumstances but is restricted to those information
structures possessing the monotone likelihood ratio property. Strictly weaker
in this context is the notion of informativeness used by Ganuza and Penalva
(2006) which compares the distribution of the posterior distribution’s mean
in terms of dispersion.

This paper focuses on the relationship between the criteria of Blackwell
(1951) and Eckwert and Zilcha (2004) as well as Ganuza and Penalva (2006)
and clarifies it. For this purpose it is necessary to reformulate Blackwell’s no-
tion using posterior distribution functions. Using an equivalent formulation
by Marschak and Miyasawa (1968), it turns out that if an information struc-

ture is more informative in Blackwell’s sense then every posterior distribution



function is a convex combination of the posterior distribution functions gen-
erated by the alternative structure. Although it is argued that the sufficiency
criterion implies a kind of higher dispersion of the posterior state distribu-
tion with respect to the signal, it is shown that only in the special case of
binary information structures, i.e. two states and two signals, the first con-
cept implies the other ones which are in this case equivalent. Beyond that,
no more general inclusion concerning the relationship of the criteria holds.
This highlights that relating results derived by the use of the two different
approaches seems to be appropriate only in the binary case.

The paper is organized as follows. In section 2 Blackwell’s criterion and the
criteria of Eckwert and Zilcha and Ganuza and Penalva are introduced. In
section 3 their relationship is analyzed. Concluding remarks are given in

section 4. Some technical results are relegated to a separate appendix.

2 Comparing Information Structures

Before Blackwell’s criterion is presented and discussed, the used notion of
an information structure is shortly introduced. This is complemented by the
generation of the posterior state distributions using Bayes’s theorem.

The underlying uncertain situation is as follows. Tomorrow, nature will
choose one out of n possible states denoted by w; € R, = 1,...,n. A priori
beliefs of tomorrow’s state of nature are represented by probabilities m; > 0
with >0 m =1 and 7 = (71, ..., Tp).

Now, assume that there are two alternative information structures P and
@, represented by row-stochastic’ matrices [Pij],xmp and [Qik]nxmo- The
signals of P are denoted by y; € R,j = 1,...,mp. PF;; is the conditional
probability of receiving signal y; given state w;. Corresponding notation is

used for (). The a priori occurrence probabilities for the signals are
pj = Zﬂipij and g = Zﬂ'iQik (1)

with notation p* = (pi,...,p;,,) and ¢* = (q7, ...,qan). It is assumed that

p; >0and gz >0for j=1,...,mp and k =1, ..., mq since any signal occur-

! A matrix is row-stochastic if all entries are non-negative and sum to one in each row.



ring with zero probability can obviously be removed from the structure.
After observing a signal from an information structure, the a priori proba-
bility beliefs can be revised using Bayes’s theorem and the a posteriori prob-
ability of state w; given signal y; received from structure P is denoted by
P2 With analogous definitions for (), one gets two row-stochastic matrices
[P;z']mpxn and [QZZ]WQ xn glven by

;P ~ miQuk

pr="0 and Q= 2k 2
J pj k q; ()

These are well defined since every signal will occur with at least some positive

probability by assumption.

2.1 The Criterion of Blackwell

In order to compare information structures Blackwell (1951) formalizes the
following intuitive idea. If the transmission of a signal generated by an infor-
mation structure is garbled by a stochastic transformation uncorrelated with
the true state of nature it loses informativeness. Therefore he regards an in-
formation structure as more informative than an alternative structure if the
latter can be generated from the former by adding some random transmission

error uncorrelated with the true state of nature.

Definition 1 (Blackwell 1951) Information structure P is more informative
than Q, P~ Q, if and only if there exists a row-stochastic matriz I' =
[Vjklmpxmg, such that

Q= PrT. (3)

That is Q; = Zj Pk, so that «;; can be interpreted as the conditional
probability that when signal yy, is received from () signal y; was actually sent
by P. Obviously, a transformation matrix I' does not exist for every pair of
information structures such that (3) holds. Therefore the criterion imposes
only a partial ordering on the set of information structures. Definition 1 can

be equivalently stated using the posterior matrices as follows.

Proposition 1 (Marschak and Miyasawa 1968) Information structure P is

more informative than Q) if and only if there exists a row-stochastic matrix



"= [vzj]mmeP, such that the two following conditions are satisfied:

(i) I"P" =@ (4)
(i) p*=q'T" (5)

Let P’ and )}, denote the jth and kth rows of P* and ()%, i.e. the a posteriori

distributions conditional on y; and yy, respectively. Condition (i) can then

Qi =2l (6)

for all £ = 1,...,mg. This means that the a posteriori distribution induced

be written as

by observing signal y;. from information structure ) is a convex combination
of the a posteriori distributions induced by the signals of structure P. For

an individual state of nature w; this gives

ka Z Vk] ]z (7)

Condition (i) alone is not sufficient for P > @ in general, although stated
in Bielinska-Kwapisz (2003). Condition (i7) is needed to show that the con-
structed garbling matrix I" in line with (3) is in fact row-stochastic. Moreover,
this can be interpreted as condition (77) assuring that the given posterior ma-
trices are consistent with being generated from the same a priori distribution.
To see this, note that the prior can be calculated from the posteriors and sig-
nal occurrence probabilities by p* P* and ¢*Q*, respectively. Conditions (7)
and (i7) then imply p*P* = ¢*I"" P* = ¢*Q*.

Condition (i) of proposition 1 can equivalently be stated using the condi-
tional distribution functions generated by the two information structures.
This will be useful for the comparison of the sufficiency criterion with the
other criteria. It is assumed without loss of generality that wy > w; if k& > [.
Let F'(w;]y;) then denote the distribution function conditional on signal y;

from P evaluated at w;, i.e. foralli=1,...,nand j =1,...,mp it is given by

F(wily;) Z (8)

G (w;i|yk) is the analogous term for a signal y; generated by structure Q.



Lemma 1 There exists a row-stochastic matriz I = [v};]lmqxmp, such that
I*P* = Q" if and only if for alli=1,...,n and k =1,...,mg

G(wilyr) = Z Vi F (wily;)- (9)

Proof: Suppose I'*P* = Q* for such a I'*. Thus from (8) follows

Glwilye) =Y Qu =D P Zm DB =2 i Fwilys).

1<i I<i 3 1<i
(10)
Now, suppose (9) is true. For i = 1 one gets
Q1 = Gwilyk) = Z Vi F (wily;) Z Ve P (11)
J

and for 1 < ¢ <n it follows

QZZIG(wl‘yk) wl 1|yk nykg wl‘y] wl 1|yJ nyk] ji*

(12)
Thus, (7) holds for all i = 1,...,n and I'*P* = Q* is shown. O

Combined with proposition 1 the following equivalent formulation of the

sufficiency criterion can now be made.

Proposition 2 Information structure P is more informative than Q) if and
only if there exists a row-stochastic matriz I' = [y ]lmgxmp such that the

following two conditions are satisfied:

(1) Vi=1,...,n: Gwly) = Z%W (wily;) (13)
(17) p* =q'T" (14)
Proof: Immediate consequence of proposition 1 and lemma 1. O

This equivalent formulation of Blackwell’s sufficiency criterion using posterior
distribution functions seems not to be very well suited for application. To find
a more tractable characterization of informativeness in terms of the posterior
state distributions, a closer look on their generation by the use of Bayes’s

theorem in (2) seems to be an appropriate way to continue.

6



2.2 The Generation of State Posteriors

The Bayesian belief-revision process is illustrated in figure 1. For a conve-
nient graphical representation a continuous rather than discrete state space
is assumed, running from a lower limit w = 0 to an upper limit w = @. In
all diagrams 7 is the given a priori probability density function, depicted by

the black line.
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Figure 1: Bayesian revision of probability beliefs.

Now, consider an information structure () and two alternative signals y; and
y2. As depicted by the dashed lines, the first signal has a much greater like-
lihood @, if the true state of nature is relatively low (upper left diagram),
while the likelihood Q.2 of the latter signal is greater for higher states (up-
per right diagram). Starting from the same a priori probability distribution
in both panels, the differing likelihood curves lead to differing a posteriori
probability density functions. As depicted in each panel, the dotted posterior

distributions @7, and 5, respectively, are a kind of compromise or average

of the two other curves.?

2For a detailed discussion see Hirshleifer and Riley (1992).

7



What influence does the informativeness of the underlying information struc-
ture have on this process? Consider an alternative information structure P
which is more informative than structure (). The greater mass of information
is reflected in a ‘tighter’ likelihood curve as depicted in the lower left and
right diagrams. Therefore, if the information contained in the observed sig-
nal becomes more informative, the a priori probability distribution has less
influence on the posterior’s shape and the state posteriors tend more towards
the likelihoods. This means the observed signal has a greater impact on the
posteriors, i.e. they are more ‘dispersed’ with respect to the signal. For ex-
ample, consider the case of a totally uninformative and a fully informative
information structure. In the first case, since the signal distribution does not
depend on the true state of nature, the posterior distribution will not depend
on the observed signal. In the second case, every signal reveals a certain state
of nature to be the true one and the posterior distribution concentrates all
probability at this state.

That this characterization of informativeness in terms of a higher dispersion
with respect to the observed signal seems to be in line with Blackwell’s no-
tion is supported by the following fact which is an obvious implication of

proposition 2.

Lemma 2 If information structure P is more informative than Q) then for

everyi=1,...n
minF'(w;|y;) < mkinG(wi|yk) < m]?XG(wi|yk) <maxF(w;ly;).  (15)
j j

For any fixed state of nature w; the minimum and maximum of the posterior
distribution function of the more informative information structure are more
dispersed and therefore this posterior distribution covers a broader range of
values. Obviously, this is only a weak implication. Hence, the question arises
what a more precise characterization of Blackwell’s sufficiency criterion in
terms of the dispersion of the posterior state distributions with respect to

the observed signal looks like and if this could be the criteria presented next.



2.3 Sensitivity Criteria

Eckwert and Zilcha (2004) use a ranking criterion for information structures
based on the sensitivity of the posterior distribution function with respect to
a change in the observed signal. A strictly weaker criterion comparing the
dispersion of the posterior distribution’s mean is proposed by Ganuza and
Penalva (2006). Both criteria will be presented in the following. The ques-
tion in which cases this kind of sensitivity is actually a necessary or sufficient
condition for more informativeness in the sense of Blackwell is answered in
section 3.

To have a suitable structure on the set of signals, attention is now restricted
to information structures satisfying the monotone likelihood ratio property
(MLRP): ys > y; implies that for every nondegenerate a priori distribution
the posterior distribution conditional on y, dominates the posterior distribu-
tion conditional on y; in the sense of first order stochastic dominance (Mil-
grom 1981). For convenience and without loss of generality it is assumed
that ys > y, if s > ¢. Furthermore, it assumed that mp = mg, i.e. the
information structures have the same number of potential signals. Without
loss of generality the signal sets will therefore be taken to be identical.
Eckwert and Zilcha regard an information structure as more informative if
the posterior state distribution is more sensitive with respect to changes in
the signal. This means that the observable signal realizations have a uni-
formly stronger impact on the a posteriori distribution of states. Instead of

using derivatives, a discrete version of their concept is given below.

Definition 2 (Signal-Sensitivity) Information structure P is said to be more
signal-sensitive than Q, denoted P »** Q, if and only if for all w; and all
Ys > Yt

Gwilye) — Glwilys) < Flwily) — F(wilys). (16)

Ganuza and Penalva use the expected value of the posterior distributions
for the comparison of information structures rather than the whole distribu-
tions. Therefore denote by W¥(y,) the mean of the posterior distribution
conditional on signal y, of information structure P and let W®(y,) be the
analogous term for structure Q).

Since the generation of a signal can be seen as a random variable Y so can



the expected value conditional on it. Intuitively, under an information struc-
ture with more informative signals the distribution of the updated expected
value will become more spread out. For example, with a totally uninfor-
mative structure the distribution will be concentrated at the expected value
and for a structure representing perfect information it will be the a priori
distribution. Ganuza and Penalva regard an information structure as more
informative if the distribution of W (Y) is more Bickel-Lehmann disperse?
than the distribution of W®(Y). Using the notion of supermodularity the

criterion is as follows.

Definition 3 (Ganuza and Penalva 2006) The information structure P is
more informative in terms of supermodular-precision than information struc-
ture @, denoted P =™ @, if and only if for all ys > y;

WP (ys) = WP () > W9 ys) — Wy). (17)

The following result concerning the relationship of signal-sensitivity and
supermodular-precision is proved in an earlier version of Ganuza and Pe-
nalva (2006). As already mentioned above, it states that the former concept

is more restrictive than the latter one.

Proposition 3 If information structure P is more signal-sensitive than @)

then P is more informative in terms of supermodular-precision than Q).

3 Relating the Criteria

The following results clarify the relation of Blackwell’s sufficiency criterion
and the criteria of signal-sensitivity and supermodular-precision. The case of
binary information structures will turn out to be of special importance. The
first result below is already shown in the appendix of Ganuza and Penalva
(2006).

3A random variable X with cumulative distribution function F is more disperse in the
sense of Bickel and Lehmann (1976) than another random variable Y with cumulative
distribution function G if for all u, v € [0, 1] with v < v

F7 ') = F Y (u) > G (v) = G (u).
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Proposition 4 P > Q) does not necessarily imply P =™ Q.

Having in mind that, according to proposition 3, signal-sensitivity as a rank-
ing criterion is more restrictive than supermodular-precision, this result al-
lows to draw quickly a conclusion concerning the relationship of Blackwell’s

criterion and the sensitivity criterion.
Proposition 5 P > Q) does not necessarily imply P %*° Q.

Proof: Suppose P + @ implies P »* ). Then, using lemma 3, P =™ Q
would follow from P = Q). A contradiction to proposition 1. 0J

Thus the concepts of signal-sensitivity and supermodular-precision do not
characterize Blackwell’s notion of informativeness in general. However, if at-
tention is restricted to the case of binary information structures the situation
changes. Below it will be shown that in this set of information structures
P+ Q in fact implies P > ().

Note, that in the case of two states of nature and two signals the signal-

sensitivity condition (16) is equivalent to just the following inequality

G(wilyr) — G(wilye) < Flwilyr) — Flwilya), (18)

i.e. an information structure is more signal-sensitive if and only if a signal
change has a greater impact on the posterior probability for state w;. This

fact is used to prove the following result.

Proposition 6 If P and Q) are binary information structures then P % Q
implies P > Q).

Proof: Suppose P+ Q. If information structure @ is totally uninformative,
the posteriors induced by its two signals are identical and therefore (18) is
obviously satisfied since G(w1|y1) — G (w1 |y2)=0.%

Now let @) not be a totally uninformative structure, i.e. its posteriors are not

identical. Using corollary 2 and the fact that the matrix I'* is row-stochastic

“Note that due to the MLRP both sides in (18) are non-negative.
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one gets

G(wilyr) — Gwilye) = Z Vi — 55 Flwily;) (19)

= h 11— Yaul F(wilyr) + 712 — 722] Fl(wi]ye)
= [+ 732 — U F(wilyr) — [i1 + 752 — 1] Fwily)
= [+ 752 — U[F(wilyr) — Flwilys)]

Due to the MLRP the posterior distributions are ordered in the sense of first
order stochastic dominance, as already mentioned. In the binary case this is
equivalent to the posterior matrices having trace greater than or equal to one.
Now, the posteriors of @ are not identical by assumption and since P » Q
the posteriors of P are not identical, too, which is an obvious implication
of condition (i) in proposition 2. Therefore the inequality is strict, i.e. the
posterior matrices have trace greater than one.

Since the stochastic matrices possessing this property form a group (see the
appendix for details) and @Q* = I'* P* by Lemma 1 the transformation matrix
'™ is of this type as well and also unique (Mac Lane and Birkhoff 1967,
p. 77). Thus 0 < 7§, + 73, — 1 < 1 and this leads to

(Vi1 952 — 1 [Flwilyr) — Flwilyz)] < Fwilyr) — Flwily2).  (20)
Combine (19) and (20) to get
G(wilyr) — G(wilye) < Flwilyr) — Flwilya), (21)

e. (18) is satisfied and therefore P »** () is shown. O

Proposition 6 shows that for the comparison of binary information structures
the Blackwell criterion is more restrictive than the signal-sensitivity criterion.

But this result is only true for this special case as is shown next.

Proposition 7 The assumption of binary information structures is neces-
sary for proposition 6 to hold.

12



Proof: Consider a case of three states of nature and three signals.® Let the

a priori distribution be given by

(1)

and the information structures be represented by the matrices

3 3 0 3 1 0
P=10 11 and Q=10 2 1 (23)
001 04+ 1

Both possess the MLRP and P » @, because @ = PT holds for the matrix

(24)

=

Il
O O N
IR = N
o= O O

The signal occurrence probabilities are

115 155
==, d ¢=(—22 25
p (8,4,8> and ¢ (16,8,16> (25)

and the posterior state distributions are given by

P = and Q=

A= NI~ O
alk O O

O N= =
O Slw
ale Sle ©
Tk o O

The posterior state distributions react to a change in the signal as follows:

F(wly) — Flwi|yz) = 0.5 < 0.7 = G(wi|yr) — Gwi|ye)
F(wsaly1) — Fwalys) = 0.0 < 0.4 = G(wa|y1) — G(wa|ys) (27)
Flwilyz) — F(wilys) = 0.5 > 0.3 = G(wi]y2) — Glwilys)
F(walys) — Fwa|ys) = 0.8 > 0.4 = G(wa|y2) — G(wa|ys)

STt suffices to show the claim for this case. A counterexample for any higher number
of states and signals can easily be constructed by induction. Just add a row and a column
to the matrices P and @) with one additional entry, all entries zero but the last one. This
will not change (27). Repeat this a sufficient number of times.

13



Having definition 2 in mind, neither P ¥ ) nor ) *** P holds. 0J

Propositions 6 and 7 state that in the binary case Blackwell’s criterion is
stronger than the signal-sensitivity criterion and that this implication holds
only for the binary case. The relation of Blackwells criterion and the concept
of supermodular-precision is exactly the same since regarding only binary

information structures definitions 2 and 3 coincide.
Proposition 8 In the binary case P ¥¥° Q) if and only if P ~™ Q).

Proof: P >* () implies P »™ () according to proposition 3 in general. Ob-
serving that due to P »** ) being equivalent to (18), definition 2 generates a
complete ordering on the set of binary information structures. Thus, in this

case the two concepts have to be equivalent.® O]

Hence, propositions 6 and 7 in light of proposition 8 directly lead to the

following relation of sufficiency and supermodular-precision.
Proposition 9 Only in the binary case P % Q implies P =™ Q.

Up to now it was stated that a more informative binary information struc-
ture is more informative in terms of signal-sensitivity as well as in terms of
supermodular-precision. But, as shown by a counterexample below, a more
signal-sensitive information structure need not be more informative in the

sense of Blackwell, not even in the binary case.

Proposition 10 P > ) does not necessarily imply P > Q. This holds even

for the binary case.
Proof: Consider the binary information structures given by’
0.75 0.25 06 04
P = and @ = . (28)
04 0.6 0.3 0.7

50f course, the equivalence of conditions (16) and (17) can also be shown directly.
"It suffices to construct a counterexample for the binary case for the same reason as

given in footnote 5.
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The structures cannot be compared in the sense of Blackwell, i.e. neither
P+ @ nor Q » P. This is easy to check using the criterion’s characteriza-
tion for the binary case (see lemma 3 in the appendix).

Now, set 7 = (1/2,1/2) for the a priori distribution.® Straightforward calcu-

lation leads to

2 4 15 5
G(wily) — Glwily2) 37 11=93 17 Flwilyr) = F(wilyz). (29
Thus, condition (18) holds and so P is more signal-sensitive than Q. U

Using again the equivalence of signal-sensitivity and supermodular-precision

in the binary case, proposition 10 directly gives the following.

Proposition 11 P =™ Q does not necessarily imply P~ Q. This holds

even for the binary case.

The set of pairs of binary information structures comparable in the sense of
Blackwell is therefore a proper subset of the set of pairs comparable by the
equivalent criteria of signal-sensitivity and supermodular-precision and the
ordering is preserved. That means, in the binary case the Blackwell criterion
is strictly stronger than the two other criteria. This relation of the three

concepts is summarized in the following.

Corollary 1 If P and Q) are binary information structures the criteria are

related as follows:

PHQ Z P¥Q & P="Q (30)

4 Concluding Remarks

To answer the question what ‘more information’ in terms of information
structures means several notions of informativeness have been developed.
Blackwell’s (1951) prominent sufficiency criterion is widely used but quite
restrictive and subsequently weaker criteria have been used in economic ap-

plications.

8 Actually, it is possible to take any a priori distribution for the counterexample to hold.
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A more recent approach to compare information structures based on the sen-
sitivity of the posterior state distributions with respect to changes in the
signal has been followed by Eckwert and Zilcha (2004). Closely related is the
work of Ganuza and Penalva (2006).

The relationship between the concepts of Blackwell, Eckwert and Zilcha as
well as Ganuza and Penalva has been studied in this paper. For this purpose
Blackwell’s criterion was equivalently formulated using posterior distribution
functions. It turned out that only in the case of binary information structures
the Blackwell criterion implies the other ones which are in this case equiva-
lent. In general there is no inclusion. Therefore relating results derived by
the use of the two different approaches seems to be appropriate only in the
context of the binary case.

The aim of further analysis should be to find a more suitable formalization
of dispersion with respect to the observed signal to characterize more general
Blackwell’s notion of informativeness the way discussed in section 2.2 with

the generation of state posteriors.

A Appendix

A.1 Binary Information Structures

In the case of binary information structures, the number of states of nature

and signals is set to two. Such an information structure can be represented

1
p— b1 D1 (31)
1—p2  po

with 0 < py,po < 1. Moreover, it suffices to restrict the parameter values to

by the matrix

p1itp2 21, (32)

because, if not the case, (32) is achievable by simply recoding the signal

index. It should be noted that this assumption is equivalent to P satisfying
the MLRP.
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Lemma 3 (Nermuth 1982) Let P and Q be two binary information struc-
tures satisfying (32). P ¥ Q if and only if the following two conditions hold:

(1 —=p1)ge < p2(1 — 1)
(1—po)gn < p1(1—qo)

To get an insight to these conditions, suppose all entries in P and () are

(33)

non-zero, i.e. in both states there is for both signals at least a small proba-
bility to occur. Then (33) can be rearranged to

q2 < D2
l—q — 1—p

q1 P1
and < . 34
1—qg ~ 1—p (34)

Hence, under the more informative structure P the probability ratio of get-
ting signal y; given state w; and ws, respectively, is greater than under Q).
The same holds for the probability ratio of getting signal y, given state wo
and wy, respectively. This means that the ratio of observing a signal when
the corresponding and not corresponding state prevails is uniformly higher

for the more informative structure.

A.2 The Stochastic Group

Poole (1995) points out that the set of non-singular stochastic n x n ma-
trices together with standard matrix multiplication form a subgroup of the
general linear group GL(n). Note that in this context stochastic does not
imply non-negative as associated with the term row-stochastic throughout
the paper. Here it is just needed that all entries in a row sum to one. Let
M be the set of all stochastic 2 x 2 matrices with trace greater than one, i.e.
totally uninformative information structures, characterized by p; + po = 1,

i.e. identical conditional signal distributions, will not be considered.

Lemma 4 The set M together with standard matriz multiplication is a sub-

group of the stochastic group.

Proof: Obviously, M is a subset of the set of non-singular stochastic 2 x 2
matrices and I € M for I denoting the identity matrix. For P,Q)Q € M the
product P() is also an element of M, because
trace(PQ) =1—(p1 +p2) +1— (1 + ¢2) + (11 + p2) (@1 + @2)
=1+ [(p1+p2) = Ul + ) — 1] > 1, (35)

17



i.e. M is closed under multiplication. For any P € M one gets

_'_
trace(P™') = P17 P2

= - 36
pr+p2—1 (36)

and therefore P~! € M. Thus M together with standard matrix multiplica-

tion is a subgroup of the stochastic group. ([
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